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TRANSIENT RESPONSETRANSIENT RESPONSE
OBJECTIVESOBJECTIVESOBJECTIVESOBJECTIVES

In this chapter :In this chapter :In this chapter :In this chapter :

Time response of general first and Time response of general first and 
d d d dd d d dsecond  order systems to standard test second  order systems to standard test 

inputs will be obtained. inputs will be obtained. 

Specification of transient response as Specification of transient response as 
performance characteristics for control performance characteristics for control 
systems will be examinedsystems will be examinedsystems will be examined.systems will be examined.

The selection of controller parameters to The selection of controller parameters to 
 i   ifi i   i   ifi i  meet transient response specifications meet transient response specifications 

will be explored. will be explored. 
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CONTROL CRITERIACONTROL CRITERIACONTROL CRITERIACONTROL CRITERIA

Certain requirements are to be met by a Certain requirements are to be met by a Certain requirements are to be met by a Certain requirements are to be met by a 
properly designed control system. properly designed control system. These These 
requirementsrequirements involveinvolve, in general , in general ::

•• Satisfactory Satisfactory Transient responseTransient response,,
•• StabilityStability,,
•• Accuracy (Satisfactory sAccuracy (Satisfactory steadyteady--state state 

response)response)
Di t b  j tiDi t b  j ti•• Disturbance rejectionDisturbance rejection,,

•• Minimum sMinimum sensitivityensitivity to parameter to parameter 
variations or uncertaintiesvariations or uncertainties in the plantin the plantvariations or uncertaintiesvariations or uncertainties in the plantin the plant
and/or in the feedback path.and/or in the feedback path.
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TIME RESPONSETIME RESPONSE
Dorf&Bishop Section 5.1Dorf&Bishop Section 5.1

The time response of a control system The time response of a control system 
consists of two parts :consists of two parts :

•• Transient responseTransient response : the response : the response 
from the initial state to the final state from the initial state to the final state 

f th  tf th  tof the system.of the system.
•• SteadySteady--ststate responseate response : response of : response of 

the system when time approaches the system when time approaches the system when time approaches the system when time approaches 
infinity, i.e., at the final state.infinity, i.e., at the final state.
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STANDARD TEST INPUTSSTANDARD TEST INPUTSSTANDARD TEST INPUTSSTANDARD TEST INPUTS

To obtain a basis for the evaluation To obtain a basis for the evaluation 
and comparison of various control and comparison of various control 

t  th   f t d d t t t  th   f t d d t t systems, the use of standard test systems, the use of standard test 
inputs has been universally accepted.inputs has been universally accepted.

These simple and well defined inputs These simple and well defined inputs 
simplify analytical and experimental simplify analytical and experimental 
analyses of control systemsanalyses of control systemsanalyses of control systems.analyses of control systems.
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STANDARD TEST INPUTSSTANDARD TEST INPUTS
Nise Table 1.1, Dorf&Bishop Sect. 5.2Nise Table 1.1, Dorf&Bishop Sect. 5.2

Typical examples of standard input Typical examples of standard input Typical examples of standard input Typical examples of standard input 
functions are :functions are :

•• ImpulseImpulse functionfunction•• ImpulseImpulse function,function,

•• StepStep function,function,

•• RampRamp function, andfunction, and

•• SinusoidalSinusoidal function.function.SinusoidalSinusoidal function.function.

The response of first order systems to the The response of first order systems to the 
first three inputs will now be examinedfirst three inputs will now be examinedfirst three inputs will now be examined.first three inputs will now be examined.
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STANDARD TEST INPUTS  STANDARD TEST INPUTS  
I l F tiI l F tiImpulse  FunctionImpulse  Function

The The impulseimpulse function is defined as :function is defined as :

Ali ri(t)

→

Alimr (t)= 0<t<ti 0t0t0 0

ri(t)

Area = A
0

A
t

t<r (t)=0 0 and t>ti 0 t

t0

Laplace Transform :Laplace Transform : iR (s) A=

t00

Laplace Transform :Laplace Transform : iR (s) A=
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STANDARD TEST INPUTS  STANDARD TEST INPUTS  
I l F tiI l F tiImpulse  FunctionImpulse  Function

Used to represent Used to represent 
inputs of very large inputs of very large 

ri(t)

0

A
t

magnitude and very magnitude and very 
short duration.short duration.

t

Area = A
0t

Magnitude is Magnitude is 
measured by its areameasured by its area

t

t00

measured by its area.measured by its area.

A=1  A=1  ⇒⇒ Unit impulse :Unit impulse : uiR (s)=1
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STANDARD TEST INPUTSSTANDARD TEST INPUTS
St F tiSt F tiStep FunctionStep Function

The The stepstep function is defined as :function is defined as :

k : constant

= ≥r (t) A t 0s

k rs(t)
{ } k

L k =
s

A
A

s( )

s
A

R (s)=
s

t

0

Unit step Function : A=1  Unit step Function : A=1  ⇒⇒
us

1
R (s)=

s
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STANDARD TEST INPUTSSTANDARD TEST INPUTS
R F tiR F tiRamp FunctionRamp Function

The The rampramp function is defined as :function is defined as :The The rampramp function is defined as :function is defined as :

= ≥r (t) At t 0r r (t)( )r

{ } 2
1

L t = A

rr(t)

{ } 2
L t

s

A
t

0 1
r 2

A
R (s)=

s

1

Unit ramp function : A=1  Unit ramp function : A=1  ⇒⇒ ur 2
1

R (s)=
s
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STANDARD TEST INPUTSSTANDARD TEST INPUTS

Relation between standard test inputs :Relation between standard test inputs :

•• It may be observed thatIt may be observed that
2dr (t) d r (t)s rr (t)= =i 2d

•• Therefore, one can also write  Therefore, one can also write  

( )i 2dt dt

2dc (t) d c (t)s rc (t)= =i 2dt dt

•• Thus, if the response to one of the standard test Thus, if the response to one of the standard test 
inputs is available; the response to the other inputs is available; the response to the other 

dt

p ; pp ; p
test inputs can be found simply by integration test inputs can be found simply by integration 
or differentiation.or differentiation.
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STANDARD TEST INPUTSSTANDARD TEST INPUTS

Relation between responses to standard Relation between responses to standard 
test inputs :test inputs :

dc (t)sc (t)=i dt τ τ∫
t

c (t)= c ( )ds idt ∫( ) ( )s i
0

d (t) tdc (t)rc (t)=s dt τ τ∫
t

c (t)= c ( )dr s
0
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TRANSIENT RESPONSE of TRANSIENT RESPONSE of 
FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMS

Nise Section 4.3Nise Section 4.3
There exists a number of rather simple There exists a number of rather simple 
systems which may be represented by the systems which may be represented by the 

 l t f  f ti   l t f  f ti  same general transfer function :same general transfer function :

C(s) K R(s) C(s)C(s) KG(s) =
R(s) s 1

=
+τ

R(s) C(s)

τ
K

s+1

K : gain.K : gain.

ττ : time constant: time constantττ : time constant.: time constant.
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMS

dyc ky f+ = 1K =
k c

c ky f
dt

+ =

1

K =
k
c=τf

y

kG(s) =
c s 1
k

+

k
τf

o
v f o i

dQ
R C Q Q+ =

K 1

QQii

v f o iQ Q
dt

1G(s) =
R C 1

K = 1

v f= R CτCf

R v f
( )

R C s 1+QQoo
Rv
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSΔT=Tr- To FIRST ORDER SYSTEMSFIRST ORDER SYSTEMS

d TR C T RΔ
Δ

To

t t t iR C T R q
dt

+ Δ =

tR
G( )

tK = R

t t= R Cτ

Ct TrRt

qo qi t

t t
G(s) =

R C s 1+
t tR Cτqi

o
o i

de
RC e e

d
+ =

K 1R o idt

1G(s) =

K = 1
= RCτ

eo

R

C
ei

G(s)
RCs 1+
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMSFIRST ORDER SYSTEMS

It is clear that different first order It is clear that different first order It is clear that different first order It is clear that different first order 
systems, irrespective of their actual systems, irrespective of their actual 
physical construction can be represented physical construction can be represented p y pp y p
by the same general transfer function.by the same general transfer function.

These system characteristics will be These system characteristics will be These system characteristics will be These system characteristics will be 
reflected in the general transfer functions reflected in the general transfer functions 
by the definitions of the by the definitions of the gaingain and and timetime
constants.constants.

K : GainK : Gain C(s) KG(s) = =
ττ : Time constant: Time constant

G(s) =
R(s) s 1

=
+τ
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FIRST ORDER SYSTEMS  FIRST ORDER SYSTEMS  
(Ogata p 222(Ogata p 222 223)223)

iR (s) A=

KG(s) ⎛ ⎞= ⎜ ⎟ (Ogata p. 222(Ogata p. 222--223)223)

The The impulse responseimpulse response (response to (response to 
 i l  f ti ) f th  l  i l  f ti ) f th  l 

G(s)
s 1

= ⎜ ⎟+⎝ ⎠τ

an impulse function) of the general an impulse function) of the general 
first order system is :first order system is :

C(s)=G(s)R(s)

AK
a=1/τ

⎛ ⎞
⎜ ⎟
⎝ ⎠

τ
τ τi

AK
K AK

C (s)= A = =
1s+1 s+1 s+ { }-at 1

L e =⎝ ⎠
τs+ { }L e

s+a

t
τ ≥τ

-
i

AK
c (t)= e t 0
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMS
t

i
AKc (t) e

−
τ= ci(t)

AK

Initial slope of the Initial slope of the 
impulse response.impulse response.

i ( )
τ AK

τ
impulse response.impulse response.

t
idc (t) AK e

−
τi

2 e
dt

τ= −
τ

idc (t) AK

Time
0 τ

i
2

t 0

( )
dt =

= −
τ

It is observed that the initial slope intersects the time It is observed that the initial slope intersects the time 
axis at axis at ττ –– How can this be useful ?How can this be useful ?
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FIRST ORDER FIRST ORDER i
2

t 0

dc (t) AK
dt =

= −
τ

t

i
AKc (t) e

−
τ=

τ

SYSTEMSSYSTEMS
Identification of aIdentification of a

t 0=τ

first order systemfirst order system
from the unit from the unit 
i l  (A 1)i l  (A 1)

ci(t)

K
τimpulse (A=1)impulse (A=1)

response :response :

τ

-- Determine Determine ττ from from 
the the initial slopeinitial slope of of 
the response.the response.

-- Determine Determine KK from from 
0

θ

the the initial valueinitial value of of 
the response.the response.

Time
0 τ
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSs
AR (s)
s

=

The The step responsestep response (response to a (response to a 

KG(s)
s 1

⎛ ⎞= ⎜ ⎟+⎝ ⎠τ

step function) of the general first step function) of the general first 
order system is :order system is :

b=1/τ

C(s)=G(s)R(s) AK
K A AK⎛ ⎞ τ

b=1/τ

( )s
K A AKC (s)

1s 1 s s s 1 s s

⎛ ⎞= = =⎜ ⎟+ + ⎛ ⎞⎝ ⎠ +⎜ ⎟
⎝ ⎠

τ
τ τ

τ

( )⎧ ⎫
⎨ ⎬-bt1 1

L 1 e

t t
AKc (t) 1 e AK 1 e t 0

− −
τ τ

⎧ ⎫⎛ ⎞ ⎛ ⎞
⎪ ⎪⎛ ⎞ ⎜ ⎟ ⎜ ⎟ ≥⎨ ⎬⎜ ⎟ τ

⎝ ⎠

( ) ( )
⎧ ⎫
⎨ ⎬
⎩ ⎭

btL 1-e =
b s s+b sc (t) 1 e AK 1 e t 0τ τ⎜ ⎟ ⎜ ⎟= − = − ≥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭

ττ
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMS
t

sc (t) AK 1 e t 0
−
τ

⎛ ⎞
⎜ ⎟= − ≥
⎜ ⎟⎜ ⎟

Initial slope of Initial slope of 
the step the step 

⎜ ⎟⎜ ⎟
⎝ ⎠

cs(t)
AKthe step the step 

response.response.
t

dc (t) AK −

AK

95 0%

98.2%

99.3%

sdc (t) AK e
dt

τ=
τ

dc (t) AK
63.2%

86.5%

95.0%

s

t 0

dc (t) AK
dt =

= τ

Ob  th t ll  ti  t t lt  i   f t  Ob  th t ll  ti  t t lt  i   f t  

1 2 3 4 5

Time

0 τ 2τ 3τ 4τ 5ττ’

Observe that smaller time constant results in a faster Observe that smaller time constant results in a faster 
system response (final value is approached in shorter system response (final value is approached in shorter 
time duration).time duration).

Further, time response reaches within 2 and 1 % of Further, time response reaches within 2 and 1 % of 
the final value (AK) after 4 and 5 time constants, the final value (AK) after 4 and 5 time constants, 
respectivelyrespectively
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMS
t

sc (t) K 1 e t 0
−
τ

⎛ ⎞
⎜ ⎟= − ≥
⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

s

t 0

dc (t) K
dt =

=
τ

Identification of a Identification of a 
first order system first order system 

cs(t)
Kfirst order system first order system 

from the from the unitunit step step 
response :response :

D t i  D t i  KK  hi h  hi h 

K

-- Determine Determine KK, which , which 
is the final value. is the final value. 

Dete mine Dete mine ττ  hich  hich 
θ

-- Determine Determine ττ, which , which 
is the initial slope is the initial slope 
tan tan θθ =K/=K/ττ

1 2 3 4 5

Time

0 τ

of the response.of the response.
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMSr 2
AR (s)
s

=

The The ramp responseramp response (response to a (response to a 

KG(s)
s 1

⎛ ⎞= ⎜ ⎟+⎝ ⎠τ

ramp function) of the general first ramp function) of the general first 
order system is :order system is :

C(s)=G(s)R(s)

( )r 2 2

AK
K A AKC (s)

11
⎛ ⎞= = =⎜ ⎟ ⎛ ⎞⎝ ⎠

τ
( )r 2 2 2

( )
1s 1 s s s 1 s s

⎜ ⎟+ ⎛ ⎞⎝ ⎠ + +⎜ ⎟
⎝ ⎠

τ τ
τ

Expand CExpand Crr(s) into(s) intor

AK
AK AK AKC (s)

⎛ ⎞
⎜ ⎟
⎝ ⎠= = − +
⎛ ⎞

τ ττ pp rr( )( )
partial fractions .partial fractions .

r 22
C (s)

11 ss ss s
+

⎛ ⎞ ++⎜ ⎟
⎝ ⎠ ττ
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FIRST ORDER SYSTEMSFIRST ORDER SYSTEMS

Expanding CExpanding Crr(s) into partial fractions and (s) into partial fractions and 
taking the inverse Laplace transform of each taking the inverse Laplace transform of each 
term the ramp response is obtained. term the ramp response is obtained. 

r 2

AK
AK AK AKC (s)

⎛ ⎞
⎜ ⎟
⎝ ⎠= = − +
⎛ ⎞

τ ττ
a=1/τ ⎧ ⎫

⎨ ⎬
⎩ ⎭

-1
2
1

L = t
s

r 22
C (s)

11 ss ss s
+

⎛ ⎞ ++⎜ ⎟
⎝ ⎠ ττ

⎧ ⎫
⎨ ⎬
⎩ ⎭

-1 1
L =1

s

⎧ ⎫
⎨ ⎬
⎩ ⎭

-1 -at1
L =e

s+a( )
t

rc (t) AK t AK e t 0
−
τ= − + ≥τ τ
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FIRST ORDER FIRST ORDER 
SYSTEMSSYSTEMS( )

t

rc (t) AK t AK e
−
τ= − +τ τ SYSTEMSSYSTEMS

For the special For the special 

( )rc (t) AK t AK e+τ τ

(t)case of K=1:case of K=1: cr(t)
A

rr(t)
1

rr(t) cr(t)

r r re (t) r (t) c (t)= −

Aτ
Steady
State
Error

t

t

At At A A e
−
τ= − + −

⎛ ⎞

τ τ
τ

ot

re (t) A 1 e
−
τ

⎛ ⎞
⎜ ⎟= −
⎜ ⎟⎜ ⎟
⎝ ⎠

τ

As time goes to As time goes to 
infinity, the infinity, the 

Time
0

τy,y,

error goes to Aerror goes to Aττ..
τ

Should this 
be Aτ ?
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EXAMPLE 1a EXAMPLE 1a (See also Ogata p.210)(See also Ogata p.210)

A thin glassA thin glass--walled thermometer, stabilized walled thermometer, stabilized gg ,,
at the ambient temperature is suddenly at the ambient temperature is suddenly 
immersed into a bath of water kept at a immersed into a bath of water kept at a 

 if   d  l  f  if   d  l  f constant uniform temperature and a plot of constant uniform temperature and a plot of 
the thermometer the thermometer 
reading is shown reading is shown Tt [oC]reading is shown reading is shown 
in the figure.in the figure.

t [ ]
50

Time [s]

25

1

Time [s]

0 5
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EXAMPLE 1bEXAMPLE 1b

-- Model the thermometer as a first order Model the thermometer as a first order -- Model the thermometer as a first order Model the thermometer as a first order 
system. Using the experimental results, system. Using the experimental results, 
identify the thermometer dynamics, i.e. identify the thermometer dynamics, i.e. y y ,y y ,
determine the gain and time constants determine the gain and time constants 
of the transfer function.of the transfer function.

Then using the model, estimate the Then using the model, estimate the 
thermometer reading after 8 seconds if thermometer reading after 8 seconds if 
dipped now into a bath at a temperature dipped now into a bath at a temperature 
of 80of 80oo C.C.
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EXAMPLE 1c EXAMPLE 1c 

Model the thermometer as a thermal Model the thermometer as a thermal 
it  H t t i  th  th t  it  H t t i  th  th t  capacitance. Heat entering the thermometer capacitance. Heat entering the thermometer 

from the bath is stored in it. from the bath is stored in it. 
t

t
dT

q C
dt

=

The thermal resistance or the thermometer The thermal resistance or the thermometer 
frame is represented by :frame is represented by :

tq
dt

frame is represented by :frame is represented by :

Eliminate q from the two equations :Eliminate q from the two equations :

b t tT T R q− =

Eliminate q from the two equations :Eliminate q from the two equations :

TTtt : Thermometer reading: Thermometer reading tdT
T T R C=TTtt : Thermometer reading: Thermometer reading

TTbb : Bath temperature: Bath temperature
b t t tT T R C

dt
− =
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EXAMPLE 1d EXAMPLE 1d 

One should note here that this system One should note here that this system 
equation is in terms of the variable Tequation is in terms of the variable Ttt
which has which has nonzero initial valuenonzero initial value. . 

Therefore, if the time response equation Therefore, if the time response equation 
obtained by the application of the obtained by the application of the 
t f  f ti  h i  t  b  d  t f  f ti  h i  t  b  d  transfer function approach is to be used, transfer function approach is to be used, 
new variables with zero initial condition new variables with zero initial condition 
must be defined  must be defined  must be defined. must be defined. 

T Tθ T Tθt t 0T Tθ = − b b 0T Tθ = −
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EXAMPLE 1e EXAMPLE 1e 
0T Tθ = − T Tθ =b b 0T Tθ = − t t 0T Tθ = −

t
b t t t

dT
T T R C

dt
− =( ) ( ) ( )t 0

b 0 t 0 t t
d T

T T R C
dt

θ +
θ + − θ + =

( ) 1θt
t t t b

d
R C

dt
θ

+ θ = θ
t

b t t

(s) 1G(s)
(s) R C s 1

θ
= =
θ +

From the transfer function :From the transfer function :
ττ = R= R CCττ = R= RttCCtt
K = 1K = 1
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EXAMPLE 1f EXAMPLE 1f From the plot, the From the plot, the 

l  f l  f i  d di  d dvalue of value of ττ is needed.is needed.

ττ=5 =5 

The value of K is already known : K=1.The value of K is already known : K=1.

Tt [oC]
50

Tb

25

AK

Time [s]

25

T0
1

0 5

τ
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EXAMPLE 1gEXAMPLE 1gIn reality, redefining In reality, redefining 
variables with zero initial variables with zero initial ggvariables with zero initial variables with zero initial 
conditions is equivalent to conditions is equivalent to 
a shift of coordinates of a shift of coordinates of 
the plotthe plotthe plot.the plot.

θt [oC]

Tt [oC]
25

0

AK

1

Time [s]

0 50 5

τ
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EXAMPLE 1h EXAMPLE 1h 

When the bath When the bath 
t 8

5t AK 1 e 55 1 e
− −
τ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟θ = − = −
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

When the bath When the bath 
temperature is 80temperature is 80ooC :C :

TT00=25=25ooCC ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

TT00 2525 CC

θθbb=T=Tbb--TT00==
=80=80 25=5525=55ooCC o43 9 Cθ=80=80--25=5525=55ooCC

AK=55AK=55ooC, C, 

o
t 43.9 Cθ =

oT T 43 9 25 68 9 C= θ + = + =

ττ=5 [s]=5 [s]
t t 0T T 43.9 25 68.9 C= θ + = + =

t=8 [s].t=8 [s].
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EXAMPLE 2a EXAMPLE 2a y
k

A hydraulic accumulator A hydraulic accumulator 

k

pq

Ap

yy
is illustrated in the figure. is illustrated in the figure. 
It is used to damp out It is used to damp out 

pq

qi qo
R

pressure pulses by storingpressure pulses by storing
fluid during pressure peaks and releasing fluid during pressure peaks and releasing 
fluid during periods of low pressure.fluid during periods of low pressure.

Neglect any friction as well as any pressure Neglect any friction as well as any pressure 
drop at the junction. The drop at the junction. The masslessmassless piston has piston has 
an area an area AApp;; the spring constant is the spring constant is kk,, and and yy is is 
the displacement of the piston the displacement of the piston ith espect to ith espect to the displacement of the piston the displacement of the piston with respect to with respect to 
the the equilibrium positionequilibrium position..
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EXAMPLE 2b EXAMPLE 2b 

Consider the hydraulic Consider the hydraulic 
accumulator illustrated accumulator illustrated 
in the figurein the figure

y
kin the figure.in the figure.

Assume that the system Assume that the system 
i  i iti ll  t t d  i  i iti ll  t t d  

k

pq

A

is initially at steady is initially at steady 
state, i.e. the pressure state, i.e. the pressure 
inside the chamber and inside the chamber and 

pq

qi qo
R

inside the chamber and inside the chamber and 
the flow rate in and out the flow rate in and out 
of the accumulatorof the accumulator

dare constant at : are constant at : i op, q , and q
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EXAMPLE 2c EXAMPLE 2c 

Determine the maximum pressure increase in Determine the maximum pressure increase in 
th  h b  if th  fl  t  t th  i l t th  h b  if th  fl  t  t th  i l t the chamber, if the flow rate at the inlet the chamber, if the flow rate at the inlet 
suddenly increases from suddenly increases from 2.5x102.5x10--44 to 1x10to 1x10--33 mm33/s /s 
for 0 01 secondsfor 0 01 seconds and then goes back to its and then goes back to its for 0.01 secondsfor 0.01 seconds and then goes back to its and then goes back to its 
original value. Compare the maximum pressure original value. Compare the maximum pressure 
ratio with and without the accumulator.ratio with and without the accumulator.

yThe The piston diameterpiston diameter is is y
k

p

A

The The piston diameterpiston diameter is is 
specified to be specified to be 5 cm5 cm, the , the 
spring constant is 500 N/mspring constant is 500 N/m, , 

pq

qi qo
R

p gp g
and the and the valve resistance is valve resistance is 
101088 Ns/mNs/m55..
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EXAMPLE 2d EXAMPLE 2d 
y

For the For the steady statesteady state conditions :conditions :

y
k

A

Elemental eqn.Elemental eqn.
for the valvefor the valve

pq

qi qo
R

oRq p=

Force balance Force balance 
on the masson the mass pA p ky=
on the masson the mass

C ti itC ti it i oq q q− =

p

ContinuityContinuity
EquationsEquations

i oq q q

dyq A 0= =
i oq q=

pq A 0
dt

= =
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EXAMPLE 2e EXAMPLE 2e q q=

oRq p= pA p ky=

q 0=

For the increased flow rate :For the increased flow rate :

i oq q= q 0=

For the increased flow rate :For the increased flow rate :

oRq p=( ) ( )o oR q q p p+ = + oq p

pA p ky=

( ) ( )o oq q p p

( ) ( )pA p p k y y+ = + pp y

i oq q q− =

( ) ( )p p p y y

( ) ( ) ( )i i o oq q q q q q+ − + = +

dyq A

( ) ( ) ( )i i o oq q q q q q

( ) ( )d y y
A

+
pq A

dt
=( ) ( )

pq q A
dt

+ =
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EXAMPLE 2f EXAMPLE 2f 

Take the Laplace transforms :Take the Laplace transforms :Take the Laplace transforms :Take the Laplace transforms :

oRq p= oRQ (s) P(s)=oq p

pA p ky=

oQ ( ) ( )

pA P(s) kY(s)=pp y

i oq q q− =

p (s) (s)

i oQ (s) Q(s) Q (s)− =i oq q q

dyA

i oQ ( ) Q( ) Q ( )

Q(s) A sY(s)p
yq A

dt
= pQ(s) A sY(s)=
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EXAMPLE 2g EXAMPLE 2g 
oRQ (s) P(s)=

pA P(s) kY(s)=

Eliminate QEliminate Q (s), Q(s), and (s), Q(s), and 

pA P(s) kY(s)

i oQ (s) Q(s) Q (s)− =
Eliminate QEliminate Qoo(s), Q(s), and (s), Q(s), and 
Y(s) from these equations.Y(s) from these equations.pQ(s) A sY(s)=

P( ) R
2i p

P(s) RG(s)
Q (s) RA

s 1

= =

+

C(s) KG(s) =
R(s) s 1

=
+τ

Compare with the standard Compare with the standard 

s 1
k

+( )

Compare with the standard Compare with the standard 
form :form :

2
pRA

K R=
p

k
=τ
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EXAMPLE 2h EXAMPLE 2h 

The flow rate at the inlet suddenly increases The flow rate at the inlet suddenly increases 
f  2 5 10f  2 5 10 44 t  1 10t  1 10 33 33/  f  0 01 d  /  f  0 01 d  from 2.5x10from 2.5x10--44 to 1x10to 1x10--33 mm33/s for 0.01 seconds /s for 0.01 seconds 
and then goes back to its original value.and then goes back to its original value.

Since the input is of very short duration, it can Since the input is of very short duration, it can 
be approximated by an be approximated by an impulseimpulse with : with : 

magnitudemagnitude = 1x10= 1x10--33 --2.5x102.5x10--44 = 7.5x10= 7.5x10--44 mm33/s/s

durationduration = 0.01 s, and= 0.01 s, anddurationduration  0.01 s, and 0.01 s, and

strengthstrength = (7.5x10= (7.5x10--44 mm33/s)(0.01 s)/s)(0.01 s)

= 7.5x10= 7.5x10--66 mm33 6 3A 7.5x10 m−=
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EXAMPLE 2i EXAMPLE 2i 
6 3A 7.5x10 m−=

The piston diameter is specified to be 5 The piston diameter is specified to be 5 
cm, the spring constant is 500 N/m, and cm, the spring constant is 500 N/m, and 
the valve resistance is 10the valve resistance is 1088 Ns/mNs/m55..

8 5K R 10 Ns / m= =( )2 2
pA 0.05 0.00196m

4
π

= =

( )28 2
2

Ns10 0 00196m
⎛ ⎞
⎜ ⎟ ( )2 5p
10 0.00196mRA m 0.77[s]

Nk 500

⎜ ⎟
⎝ ⎠= = ≅τ

500
m

ME 304 CONTROL SYSTEMSME 304 CONTROL SYSTEMS Prof. Dr. Y. Samim ÜnlüsoyProf. Dr. Y. Samim Ünlüsoy 4343



EXAMPLE 2j EXAMPLE 2j 
6 3A 7.5x10 m−=

8 5K 10 N /
The impulse response of a first The impulse response of a first 
order system is given by :order system is given by :

0.77[s]τ =

8 5K 10 Ns / m=

order system is given by :order system is given by :

t
AK − τi
AKc (t) e= τ
τ

⎛ ⎞( )6 3 8 t5 1.3t0.77

Ns7.5x10 m 10
Nmp(t) e 974e

−
− −

⎛ ⎞
⎜ ⎟ ⎡ ⎤⎝ ⎠= = ⎢ ⎥2p(t) e 974e

0.77s m
⎢ ⎥
⎣ ⎦

N kN⎡ ⎤ ⎡ ⎤
max 2 2

N kNp (t 0) 974 0.974
m m

⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
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EXAMPLE 2kEXAMPLE 2kmax 2
kNp (t 0) 0.974
m

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦

The steady state pressure in the chamber was:The steady state pressure in the chamber was:

3
8 4

o i 5 2
Ns m kNp Rq Rq 10 2.5x10 25−⎛ ⎞⎛ ⎞ ⎡ ⎤

= = = =⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎝ ⎠ ⎣ ⎦

The ratio of the maximum pressure to steady The ratio of the maximum pressure to steady 

o i 5 2sm m
⎜ ⎟ ⎢ ⎥⎜ ⎟⎝ ⎠ ⎣ ⎦⎝ ⎠

The ratio of the maximum pressure to steady The ratio of the maximum pressure to steady 
state pressure is :state pressure is :

0 974max maxp p p 0.9741 1 1.04
p p 25

+
= + = + ≅
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EXAMPLE 2l EXAMPLE 2l 
maxp p

1.04
p

+
= qi qo

R

Now let us consider the case without the Now let us consider the case without the 
accumulator. At steady state :accumulator. At steady state :

iq q=Rq p=

After the jump in flow rate :After the jump in flow rate :

i oq q=oRq p=

After the jump in flow rate :After the jump in flow rate :

oRq p=( ) ( )o oR q q p p+ = +

i oq q=( ) ( )i i o oq q q q+ = +
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EXAMPLE 2m EXAMPLE 2m 
maxp p

1.04
p

+
= qi qo

R

Steady state pressure in the case Steady state pressure in the case 
without the accumulator :without the accumulator :without the accumulator :without the accumulator :

3
8 3Ns m kNR 10 0 75 10 75−⎛ ⎞⎛ ⎞ ⎡ ⎤

⎜ ⎟⎜ ⎟ ⎢ ⎥

The ratio of the maximum pressure to The ratio of the maximum pressure to 

max
8 3

i 5 2p Rq 10 0.75x10 75
sm m

⎛ ⎞ ⎡ ⎤
= = =⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟⎝ ⎠ ⎣ ⎦⎝ ⎠

The ratio of the maximum pressure to The ratio of the maximum pressure to 
steady state pressure is :steady state pressure is :

max maxp p p 751 1 4
p p 25

+
= + = + =

The benefit of using an accumulator in The benefit of using an accumulator in 
reducing pressure peaks is obviousreducing pressure peaks is obvious
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Response to Initial Conditions Response to Initial Conditions 
(Ogata p 263(Ogata p 263 264)264)

X(s)G(s)
Y(s)

=
(Ogata p.263(Ogata p.263--264)264)

The general first order transfer function The general first order transfer function 
t  th  diff ti l tit  th  diff ti l ti

Y(s)

represents the differential equationrepresents the differential equation

1 0 0a x+a x =b y

which may have the initial condition :which may have the initial condition :

Taking the Laplace transform of the terms of Taking the Laplace transform of the terms of 

0x(0)= x

Taking the Laplace transform of the terms of Taking the Laplace transform of the terms of 
the differential equation, removing the input the differential equation, removing the input 
y and keeping the initial condition :y and keeping the initial condition :

Reorder the equationReorder the equation
1 0 0a sX(s) x a X(s) 0− + =⎡ ⎤⎣ ⎦

Reorder the equation.Reorder the equation.

( )1 0 1 0a s a X(s) a x+ =
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Response to Initial ConditionsResponse to Initial Conditions( )1 0 1 0a s a X(s) a x+ =

Thus the response of the first order system Thus the response of the first order system p yp y
to initial is the same as the to initial is the same as the unit step unit step 
responseresponse of the system with the TF in the of the system with the TF in the 

th ith iparenthesis,parenthesis,

( )
1 0a x s 1X(s)

sa s a

⎡ ⎤ ⎛ ⎞= ⎢ ⎥ ⎜ ⎟+ ⎝ ⎠⎢ ⎥⎣ ⎦

or the or the unit impulse responseunit impulse response of the system of the system 

( )1 0 sa s a+ ⎝ ⎠⎢ ⎥⎣ ⎦

p pp p yy
with the TF in the parenthesis :with the TF in the parenthesis :

a x⎡ ⎤

( ) ( )1 0

1 0

a x
X(s) 1

a s a

⎡ ⎤
= ⎢ ⎥

+⎢ ⎥⎣ ⎦
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