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Unification of Stieltjes-Calogero type
relations for the zeros of classical
orthogonal polynomials
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The classical orthogonal polynomials (COPs) satisfy a second-order differential equation of the form o (x)y” + t(x)y’ +
Ay = 0, which is called the equation of hypergeometric type (EHT). It is shown that two numerical methods provide
equivalent schemes for the discrete representation of the EHT. Thus, they lead to the same matrix eigenvalue problem. In
both cases, explicit closed-form expressions for the matrix elements have been derived in terms only of the zeros of the
COPs. On using the equality of the entries of the resulting matrices in the two discretizations, unified identities related
to the zeros of the COPs are then introduced. Hence, most of the formulas in the literature known for the roots of Her-
mite, Laguerre and Jacobi polynomials are recovered as the particular cases of our more general and unified relationships.
Furthermore, we present some novel results that were not reported previously. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

The first equation concerning the zeros of the classical orthogonal polynomials (COPs) dates back to more than a century ago. In 1885,
Stieltjes [1, 2] established the relations

N
-
X
E
S
I
~
z

where x,, denotes the roots of Hermite polynomial Hy(x) of degree N. Stieltjes discovered the relations in (1) while dealing with the fol-
lowing electrostatic model: Place N movable unit charges at distinct points on the line, and determine the equilibrium position of these
charges when the interaction forces arise from a logarithmic potential in the harmonic field [3,4]. He showed that the equilibrium posi-
tion is attained at the zeros of Hy(x). Moreover, he obtained similar relations for the Laguerre and Jacobi polynomials by considering
two other electrostatic models. These results are known as the Stieltjes relations. A short and light survey on the electrostatic interpre-
tation of the zeros of some well-known families of orthogonal polynomials is given by Marcellan and co-workers [5]. Further results on
electrostatic models can be found in [6-8].

Nearly a hundred years after Stieltjes, in [9-14], Calogero, Ahmed, Bruschi, Olshanetsky and Perelomov made a series of investigations
and extended the results to the Bessel functions as well. Besides (1), the authors presented a number of different relations involving
the zeros of the COPs, most of which were obtained during the study of certain integrable many-body problems in one dimension.

On the other hand, Ronveaux and Muldoon [15] revisited the Stieltjes relations in order to enlarge the class of differential equations
to which the theory applies, and to find sum formulas not only for the zeros of the polynomial solutions but also for their derivatives. In
[16,17], Case generated sum rules for the powers of the zeros for polynomials satisfying higher order differential equations of particular
forms having polynomial coefficients.
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Recently, Kudryashov and Demina [3] derived non-linear relations for some families of polynomials by comparing two power series.
Two series come from a representation of the polynomial in terms of its zeros and from the Painlevé expansion of solution of the
associated non-linear differential equation near a removable singular point. Then, in [18], Anghel extended the results of Kudryashov
and Demina from polynomials to entire functions of finite order by using Gil’s relations.

In this article, we deal with a unification of the relations of these kinds, which are satisfied by the zeros of the COPs. In this way, we can
obtain the separate identities known for the Hermite, Laguerre and Jacobi polynomials as particular cases of our unified formulation
by choosing the coefficient functions o (x) and 7(x) in the equation of hypergeometric type (EHT) appropriately. The idea behind our
approach is numerical in character, which is quite different than those in the literature. To be specific, in section 2, we first construct
the pseudospectral discretization of the EHT. Then, we use the Galerkin approach incorporated with the Gaussian quadrature as an
alternative method. Finally, we prove that the two matrix representations of the EHT are identical in the resulting matrix eigenvalue
problems. Hence, in section 3, we deduce several unified relations as required, on equating the corresponding entries of these matrices.
To verify the accuracy of our general results valid for arbitrary values of the coefficients o (x) and t(x), we specify them in section 4
for a recovery of the celebrated formulas related to the roots of the Hermite, Laguerre and Jacobi polynomials. New relations are also
introduced in this section. Section 5 concludes the paper with further remarks as usual.

2. Pseudospectral and Galerkin with Gauss quadrature schemes for EHT
Consider the EHT
o)y’ +t(y +iy=0, xe(ab)cR (2)

in which o (x) and t(x) are polynomials of degree at most two and one, respectively, and A is a real parameter. It can be written in the
self-adjoint form

d dy _
3 [a(xm(x)d—x] + 2p(0y = 0 3)

where p(x) is a weight function satisfying the Pearson equation

d
ax [0 0P] = 700 (). (4)
X
The EHT has polynomial solutions, say y = p,(x), of degree n for specific values of A
1
A= Anz—n[r/—i-i(n—ﬂa”], 1/790, (5)
standing for the simple and discrete eigenvalues of the problem, when n is a non-negative integer [19]. These polynomial solutions are

characterized by the Rodrigues’ formula

K, d"
p(x) dx”

Pn(x) = [0"(X)p(X¥)] = knX" + ... 6)

where k, is the coefficient of the leading term and K, denotes a renormalization constant. On the other hand, if the equation
oc)px)xk =0, k=0,1,... @)

is satisfied at the boundaries of (a, b) interval, then the polynomial solutions p,(x) are orthogonal with respect to the weight function
p(x) on (a, b) in the sense that

b
| Pm0pn 1900 = b @

where hj, is a normalization constant and §,,, denotes Kronecker’s delta [19]. Moreover, the n-th degree polynomial solution p,(x) of
the EHT has exactly n real and distinct zeros in the orthogonality interval (a, b) [19].
Now, consider a pseudospectral method that is based on N-th degree polynomial interpolation of a function y(x) denoted by Iy(x),

N
ING) =D La(X)yn, 9)

n=0
where y, := y(x,) are the actual values of the function y(x) at the specified nodes x = x, forn = 0,1,...,N [20]. The set of Lagrange

interpolating polynomials {¢,(x)} of degree N is defined by

Yn1(x)

_ 10
X x0) V1 ) 10

£n(x)
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for each n, in which Yy41(x) = py41(X)/hn+1 is the (N 4+ 1)-th degree normalized polynomial solution of the EHT, and x, stands
for the N + 1 real and distinct roots of py1(x). The interpolant Iy(x) and the function y(x) agree, at least, at the nodes y, = In(x,),
because £,(xm) = Smn- The derivatives of the function y(x) can also be approximated by differentiating the interpolant /y(x). Indeed,
making use of the so-called differentiation matrix defined by

dk

pw .— [dgfg]: )| . k=12...,N (1
X X=Xm
form,n = 0,1,...,N, we determine the approximate derivative values y ¥’ by means of the algebraic system written in the matrix-
vector form
T
y© =D®y, y© =[50 Go), 1 0x1) 0 0| (12)
in terms of the function values y, at the nodes, where y = [yo, 1, ..., yn]".

In particular, the entries of the first-order and the second-order differentiation matrices are expressible, respectively, as

/
Xm
: 2 7:/;'\/l+1(( )) ifm=#n
Xm — Xn Xn
d{(;ﬂ) _ ! N+1 (13)
2|z ifm=n
o (Xn) B

and

3 |: ‘E(Xm) 2 :| w,(H,] (Xm)

— ifm=#£n
ay =g M Lol el Y 0 0

3 1 " , ) o
o (xp) %;gﬂi [0/(xn) + T(x0) ] + N[T" + 3(N+ Do ]} ifm=n

on differentiating (10), taking into account that ¥y+1(x,) = 0 and using (2) [21].
Now proposing the interpolant /y(x) in (9) to be an approximate solution of the EHT and requiring the satisfaction of the EHT at the
nodal points X,

N N N
- Z [U(Xm)ay/(xm) + T(Xm)a;(xm)])/n =1 Z Ln(Xm)yn = A Z SmnYn (15)
n=0 n=0 n=0
form =0,1,...,N, we obtain a discrete representation
Ky =24y, Kumn = —[00m)€](Xm) + t(m)€h(Xm)] (16)
of the EHT. Here, the vector y = [yo,y1, ... ,yn]T now contains the values of an eigenfunction y(x) of the EHT at the nodal points, and
the entries K., of the matrix KC take the form
20 (Xm) W,(/.H (Xm) ifm % n

= (Xm — Xn)? WI(H_] (Xn) 17)

( n) , 7 /4
6:7)((Xn) [7(a) = 20" ()| = N[/ + 3N+ 1)o”] if m = n,

ey
I

which is not symmetric [21]. However, it may be symmetrized by a similarity transformation of the form K = S'KS inwhich § =
diag {so,S1,...,Sm, .., Sn} is a diagonal matrix with entries

Sm = VOXm) Vi (m), m=0,1...,N. (18)

Then, we may replace the unsymmetric system (16) by the symmetricone Ly = Ay where

121/0 (Xm)o (Xn)

— ifm=#n
Icmn = 1 (Xm Xn) (19)

T(Xn) ’ ;1] 2 _
o 0n) [‘[(Xn) - 20 (Xn)] —2N [T + E(N+ Mo ] ifm=n
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because the similar matrices share the same eigenvalues [21]. Hence, the eigenvalues (5) of the EHT forn = 0,1,...,N are exactly
determined by the symmetric matrix eigenvalue problem because the exact polynomial solution of the EHT is used in the construction
of the approximate solution. That is, the EHT is satisfied exactly by Iy(x) for n < N.In other words, the n-th degree polynomial solution
y = pn(x), forn < N, and the interpolant /y(x) agree not only at the nodes x, but also at any point x of the interval (a, b). This is, in fact,
a direct consequence of the existence and uniqueness theorem for polynomial interpolation [22]. As a result, the interpolant Iy (x) may
be regarded as another rearrangement of each polynomial solution of the EHT.

The numerical treatment of a differential equation by using its actual solution has no meaning from a numerical point of view.
Nevertheless, there is no inconvenience theoretically in doing so. As a matter of fact, our aim is not to solve the EHT numerically. The
main objective is to obtain a discrete analogue of the EHT in which the matrix elements have closed-form analytical expressions in
terms of the roots of its polynomial solutions. Actually, the construction of the matrix in (19) requires only the knowledge of zeros of an
orthonormal polynomial solution 41 (x) of the EHT for prescribed values of the coefficients o (x) and 7 (x).

It should be noted here that the zeros of py41(x), and hence ¥n41(x), can be computed as the eigenvalues of a tridiagonal matrix
R of size (N + 1) x (N + 1) having the diagonal

7(0) + (n — 1)a’(0)
Ron = Nn—1 — 1y 77n—1=n|: 7 (n=1)o" , n=0,1,...,N (20)
and the off-diagonal entries
koh
Ront1 = Rogin = An = =1 n=0,1,...,N—1 1)
hnkn+1

where k, and h, are defined in (6) and (8), respectively. In (20), the parameter n,—; depends on o (x) and t(x). It is also possible to
express the A, in terms of the coefficients of the EHT. For further information, we refer the readers to [23].

As an alternative numerical procedure, we multiply the self-adjoint form (3) of the EHT by £,,(x), form = 0,1,...,N, and integrate
from a to b to obtain

b b
— ()Y 0)Lm()p() | +/ o ()XY ()L, (x)dx = /\/ y)p(x)m(x)dx. 22)

Now inserting the N-th degree polynomial interpolant in (9) as an approximate solution for y(x), we obtain

N b N b
> { / %(x)eg(x)o(x)pu)dx} Ya=AY { / en(x)em(x)p(x)dx} Y (23)
n=0 a n=0 a

where the leftmost term in (22) vanishes by the use of (7) because each £;(x) is a polynomial of degree N. This is the Galerkin method
that results in another matrix representation of the EHT

Ay =AMy (24)

in which the matrix .A and the mass matrix M are defined by

b b
A = [ 0060000008k and Mon = [ en(t 01900, (25)

respectively. Clearly, the integrands in (25) are polynomials of degrees at most 2N, and therefore, the integrals may be evaluated exactly
by the Gauss quadrature rule based on (N + 1) points. The degrees of the integrands can be rechecked by keeping in mind that o (x) is
a polynomial of degree at most two, and £, (x) is a polynomial of exact degree N. Hence, we write

N N
Amn =Y L ()l ()o (o and My = > £n(x)n(X); (26)
i=0 i=0
where wj is referred to as the Christoffel numbers defined by [24]

1 Aan+t2

_ _ , @7)
ANy ) Y (X)) 2N + Mo (x) [W/(/—H (xi)]2

wj

the determination of which depends on the COP used in the construction of the Gauss quadrature. Here, Ay is the parameter in (21),
and A, the eigenvalues in (5). Then, it is not difficult to see that M reduces to a diagonal matrix with entries
Aan+2

Mmn = ©Opbmn =
20N+ 1o 06) [V41 0|

- (28)
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by virtue of £,,(x,,) = Smn. On the other hand, the general entry A, of the matrix A is given by

A2N+2 OmTh — OnTm N 1 .
=+ _— ifm n
2N+ DY) | 20m0n(Xm — Xa) Z (Xi — Xm) (Xi — Xn) 7
i#mn
Amn = (29)
Aan+2 ( Tn )2 N 1 .
+y — ifm=n
2(N + 1)(‘/4;)2 20p ; (Xi — xn)?

i#n

where we have used (13) and the last equation in (27). In (29), we adopt the abbreviations v/, = w,(,_H (xk), x = t(x¢) and o = o (X).
In practice, when m # n, the three cases (i # m,n), (i = m, i # n) and (i # m, i = n) should be handled separately. Likewise, when
m = n, the two cases (i # n) and (i = n) require an individual treatment. R R

The generalized matrix eigenvalue problem in (24) can be reduced to a standard one 7y = Ay immediately, where 7 = M‘U\ is
again unsymmetric. Fortunately, it is interesting to see that the matrix .S, whose entries are given by (18), also symmetrizes 7, so that
T = ST S tumns out to be a symmetric one with entries

OmTn — OnT,
OmOn mn _nm if m#£n

20m0n (Xm — Xn) _Xm)(XI Xn)

Ton = (30)

N
Z
o (20,,) Z (xi Xn)zl ftm =n.

I;ﬁn

Now we state the main theorem of this section.

Theorem 2.1
The two discrete representations Ky = Ay and Ty = Ay of the EHT suggested by the methods of pseudospectral and Galerkin
incorporated with a numerical integration, respectively, are equivalent with L = T.

Proof
The eigenvalues of the matrices I in (19) and 7 in (30) coincide with the first N + 1 eigenvalues A, = —n [r’ + %(n - 1)0”], for
n = 0,1,...,N, of the EHT. Therefore, L and T are similar matrices. Furthermore, we can prove that they are equal. To this end, first

note, from the definition 7 = M~' A and from (28), that ’7’mn = Amn/Wm, where Ap,, may be rewritten as

b
Amn = 0(0)p(0)m ()4 () 5 — f [€,000 (0p(0)] £m(x)dx (31)

a

on integrating the first equation in (25) by parts. Now using (4) and (7), we have

b
A = — / [0 008 () + T0)E,00] L () p(X)lx, (32)

which may be evaluated exactly by a Gauss quadrature based on N + 1 points because the integrand is a polynomial of degree at most
2N. So choosing the quadrature points to be the N + 1 real and distinct zeros x, of the polynomial solution py4-1(x) of the EHT, we find
that

N

Amp = — Z [0 )€y (xi) + ()€, (X)) ] €m (X0 (33)

i=0
having only one non-zero term when i = m, that s,

.Amn = —Wm [G(Xm)ay/(xm) + T(Xm)e;(xm)] 4

because Km(x,) = Bim-. Comparlng this and (16), we see that lCmn = Apn/wWp, and that T =K. Hence, it follows from the definitions
T =S8TS 'and K = SKS~" that T = K, which completes the proof. O
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3. Relations satisfied by the zeros of the COPs

Making use of the equality of the matrix elements Cp,, and T, in (19) and (30), we derive here several algebraic equations satisfied by
the real and distinct zeros of an arbitrary polynomial solution p,(x) of the EHT, o (x)y” + t(x)y’ + Ay = 0 with specific A values in (5).

Theorem 3.1
The zeros x, of the py41(x) satisfy the relation

N
Z 1 _ T(Xn) (35)

foreachn=0,1,...,N.

Proof
Equating the off-diagonal elements of (19) and (30), we immediately obtain

N 1 2 1 [ T(Xm)  T(Xp) ]
> = + _ , 56
S 0= xm) (= Xa) O —x0)? T 20m —X0) LoGtm) 0 ()
i#mn
which can be rewritten as
N
1 1 2 1 T(Xm) ‘[’(Xn) _
; (x;—xm_x;—xn)_xm—x,,_E[U(Xm)_a(xn)}—o 37)
i#mn

where we have expanded the term under the summation symbol into its partial fractions. Rearranging the term 2(x, — x,)™' =
(Xm — Xn) ™" = (Xy — Xm) ", we obtain

N

1 T(X,
GnlN) = Go(N) =0, Go(N) = 3 —— — “00) 39
= Xi — Xn 20 (Xp)
i#n
implying that G, (N) is independentof n = 0, 1,..., N for all N and that G,(N) = ¢, where c is some constant. So it remains to show that
¢ = 0. To this end, it is enough to consider the case of N = 0, so does n = 0, and Go(0) = —t(Xg)/[20 (Xo)]. In this case, xo is the only

root of the first-degree polynomial solution p; (x) of the EHT, that is, o (x)p; (x) + t(x)p;(x) + Ap1(x) = 0. Now replacing x by xo, we
arrive at T(xo) = 0 because p; is a non-zero constant, p is identically zero and p; (xo) = 0. That is, Go(0) = 0, and hence, G,(N) = 0 for

all nand N, and the result follows. O
Corollary 3.2
The zeros x, of the py-1(x) satisfy an equation of the form
Z T(Xn) _ (39)
n—0 o (Xn)
for each N.
Proof

Summing (35) over n, we obtain

00§y ] 40
DA ) e w0

2=0 7 n) n=0 ;=0
i#n
in which the right-hand side vanishes because the summand is unsymmetric in the dummy indices j and n. O
Theorem 3.3
The zeros x, of the py41(x) satisfy the relation
N 1 1 7(Xn)
1 4 n ’ 1 4
=— 1 N TN+ 41
2GR~ a0ty LT+ O] o NI 3N o] @
i#n
foreachn=0,1,...,N.
Proof
This is a direct consequence of the equality of the matrices /C and 7 in (19) and (30), respectively. O
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Theorem 3.4
The zeros x, of the py41(x) satisfy the relation
N N
1 1 1 i
Y=y 2[T(X)_r(xn)] “2)
i—0 (Xi — Xn) 4 i—o X —xn)? Lo(xi)  o(Xn)
i#n i#n

foreachn=0,1,...,N.

Proof
By dividing (36) by (x, — xn,) and taking the sum over n, there follows

2 o 1 T(xp)  T(Xm)
o

o Xn — Xm)? —0 O —xm)? Lo(xn)  o(xm)
n#m n#m (43)
N 1 u 1
+
,;) (X0 — Xm) i—o (X = Xm) (X — Xn)
n#m i#mn
in which the rightmost term sums to zero because the summand is unsymmetric in the dummy variables n and i. Then, the replacement
of the dummy indices n and m by i and n, respectively, yields the result. O
Theorem 3.5

The zeros x, of the py-1(x) satisfy an equation of the form

o' N
Z [T(X”) (X”)] 00 _ N[+ N 107 Y

n—0 0 (Xn) 0 (xn) ] 0(Xn) —0 0 (Xn)
N N (44)
T(x)  t(Xn) }
+ —
Y2 (56 o
Isﬁn
for each N.
Proof
Squaring equation (35) and summing over n, we write
N (%) N N N 1
n
D A (45)
l;én l;én k;éi,n
Now, using (36) and theorem 3.3 and rearranging the result, we complete the proof. O
Theorem 3.6
The zeros x, of the py-1(x) satisfy an equation of the form
$ *(Xn)
> [0n) =207 ()] =255 = (20" — NN + 1) (46)
i o (%)
for each N.
Proof

The proof is based on the well-known theorem of the basic linear algebra stating that the sum of eigenvalues of a matrix is equal to its
trace. Thus, summing the diagonal elements K., in (19) of the matrix /C and the eigenvalues A, in (5), we obtain the required result. [

Theorem 3.7
The zeros x, of the py-1(x) satisfy an equation of the form

ZXN:M = —[¢'+ LN = 1)o" NN + 1)—XN: [cC0)]” 47)
(xi - 3 =0 20 (xn)

T(Xp)o” (xn)

N
=—[37+ N+ 20" INN+ 1) =) -

n=0

(48)
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for each N.
Proof
The proof is similar to the previous one, where now the trace of the matrix 7 is determined by using 7y, in (30). Clearly, we employ
theorem 3.6 to write (48). O
Theorem 3.8
The summation rule
N
7(0) + No’(0)
=—WN+1))|———— 49
ngoxn W+ )[ v/ 4+ No” “3)

holds for the zeros x, of the py+1(x) for each N.

Proof

The zeros of the COPs are the eigenvalues of the tridiagonal matrix R defined by (20) and (21). Thus, the trace of R may easily be
calculated because the diagonal elements R,, of R in (20) are telescoping. It is obvious that the result in (49) stands for a special case
of the so-called Newton sums of forms

whenk = 1. O

4. Application to the Hermite, Laguerre and Jacobi polynomials

4.1.  Relations satisfied by the zeros of the Hermite polynomials Hy, (x)

When o(x) = 1and t(x) = —2x in the EHT, the suitably scaled polynomial solutions are the Hermite polynomials H,(x). In this case,
we obtain from theorems 3.1, 3.3 and 3.4 the well-known Stieltjes-Calogero relations [1,2,13]

N
1 1 1
= - (aN-— = X 50
2% Z =3 ) Z(x,—xm 2" 0
i#n l;én i#n

respectively, for the zeros of Hy1(x). Equation (36) leads to another relation [13]

2 1
e AL D ) .

i#=mn

By corollary 3.2 or theorem 3.8, the trivial result Zg=o Xn, = 0is deduced, because the zeros of H,(x) are located symmetrically about
the origin. This tells us that the sum of all the odd powers of the roots is also zero. From theorem 3.5 (or 3.6) and theorem 3.7, we have,

respectively,

Z fN(N +1) = Z Z o x,,)2 (52)

=0 n=0i=0
i#n

4.2. Relations satisfied by the zeros of the Laguerre polynomials LY (x)

When o(x) = xand t(x) = y + 1 — x, the EHT in (2) reduces to the Laguerre differential equation. Therefore, with these coefficient
functions, the unified formulas give rise several relations for the roots x, € (0, 00) of the Laguerre polynomials L +1(X) First, from
theorem 3.1, we obtain the Stieltjes relation [11,12, 25]

N
1

> (1 o ) (53)

= Xi —x,, 2 Xn

i#n

Then, corollary 3.2 gives

N
1 1 N+1
}:(1—V+ ):o = Y = v+l (54)
Xn — Xn y +1
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the sum of reciprocals of the roots x,, [11]. We have from theorem 3.3

i L N K e DV Eer D B
i—o (Xi — xn)? 3Xn 4xn

i;n (55)
D@ +5 2N+ D4y +1 1

12x2 6Xp 12

and theorem 3.4 in conjunction with (53) and (54) gives the result

i 1Ty ’V( 1 1)_y+1[y+1—xn (N+1 1)
— (G —xn)3 ~ 4x2 —\Xi—Xn X T4 2xp y+1 x
i#n

i#n (56)
_ G+ +3) 2N+ D4y +1
N 8x3 8x2 '

which may be checked with those of [3, 11, 12]. On the other hand, theorem 3.5 gives

(y+1- Xn)(y+3 Xn) N &g
Z 2NZ——(V+1)ZXn; (57)
i#n

from which the sum [11]

2’”: 1T (N+DN+y+2) 58)
= (y +1D2(y +2)
is obtained by excluding the term i = n in the last sum and using (54). Now the sum of (55) over n implies that [10]
XN: i NN+ 1) (59
"—0i—0 (i — Xn)? 4y +2)
i#n
where we have used (54) and (58). The summation formula [14]
S+ —x) (=1 x0)
> " T=NN+T1) = Y Xe=(N+DN+y+1) (60)

X
n=0 n

may be derived from theorem 3.6. The last formula may also be deduced by theorem 3.8 directly. Finally, equation (48) in theorem 3.7
gives a new formula

N N 1
ZZ —xn)2 = ZN(N+ 1) 61
n=0i=0

;én

for the roots of the Laguerre polynomial L,’V'_H (x) that is free of the parameter y. Furthermore, two interesting formulas

Y +2—Xp 227/+2+Xn 1
Z Z = =-NN+1) (62)
nOIO(X_X)Z nOIO(X_X)2 2
i#n i#n

are introduced from (59) and (61), which we could not find them elsewhere. By the way, equation (36) leads to a relation

Z 1 _ 2 y+1 63)
i—o (Xi — Xm) (Xi — Xn) (Xm —Xa)?  2XmXn '
i#=mn

which was most likely not reported previously.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 38 3118-3129



H. ALICI AND H. TASELI

4.3. Relations satisfied by the zeros of the Jacobi polynomials P (x)

The Jacobi polynomials are solutions of the EHT with t(x) = 8 —a — (« + 8 +2)x and o(x) = 1—x2. Now the unified general formulas

of section 3 suggest numerous relations for the zeros x, € (—1, 1) of P,(V‘j’_‘?)(x). The famous Stieltjes relation [2, 12]

N
1 1
> (a+ NS ) (64)
i—0 '_Xn 1—xp 14+ x,
in

is written down from theorem 3.1. Corollary 3.2 implies that

N N
1 1
(a+1)n=§0q_(ﬁ+’l)n=éo1+xn:0. (65)

Using theorem 3.6 with some manipulations, we have

N N
. 1 11 )
(o —1);m+(/3 —1)21“" =N+ DN +a+p+2)@+p-2) (66)
leading to the relations
XN: 1 N+ D(N+a+B+2) XN: 1 (N+D(N+a+B+2) )
— 1 —x, 2@+ 1) X 26+ 1) '

which are most probably new. These relations suggest some other new formulas. For instance, the addition and subtraction of the
equations in (67) imply that

AR N+ DN+a+B+2D@+B+2) & X N+ DN+ a+p+2)(B—a)
;1—)(3 - Aa+ DB+ ' ;1—)(3 - da+ DB+ ' (68)
respectively. We also have
S X (NHD(N—a+p) X N+ DN +a—p)
§J1—xn - 2e+1) ;)Hxn T 28+ (69)

because x, /(1 —x,) = 1/(1 —xp) —1and x,/(1 +x,) = 1—1/(1 + x,,). Furthermore, by simple algebraic manipulations, there follows

“14x, (N+DIN+B+T) N x, _ (N DN ta+ 1)
PR >

01—x,,_ a+1 ! 14X, B+ 1

(70)

n=0

Similar relations may be derived by suitably combining the relations in (67)-(70). Observe that the equations from (67) to (70) are in
accordance with the property P,(,“' )(—x) = (—1)"P,§B'a)(x) of the Jacobi polynomials.
Theorems 3.3 and 3.4, on the other hand, reduce to [9, 12]

2”: _l[2N(N+a+/3+3)+(a+3)(,3—|—3)—4_(a—|—1)(a+5)
= (Xi — Xn)? 12 1—Xp (1 —xp)?
i#n (71)

2NN+ a+B+3)+(@+3)(B+3)—4 (ﬂ+1)(ﬂ+5)]

+ p—
1+ x, (1 + x,)?
and

N 1 1Y 1 B+1 a+1 B+1 a+1
;(x;—xnﬁ _Z;(x;—xn)z (1+X;_1—x,~_1+x,,+1—x,,)' 72)
i#n i#n
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respectively. After a little algebra and using (64) and the relations in (67), the last one gives the known relation [12]

i 1 _1 B+DB+3) (@4 D(a+3) " a@+DHB+1 a@+1HB+1
(xi —xn)3 i |: a a
i#n

(1 +x,)3 (1 —xp)3 M+ x)(0=x)2 (14 x)2(1 = xp)
(73)
N+ DN+a+p+2) (N+1)(N+a+ﬂ+2)]
(1 = xn)? (1 + xn)? '
which is written here in a more neatly form.
It is worth mentioning that theorem 3.7 yields
ARQULIG 1
DY = NN+ 1)(4N + 30 + 38 + 2), 74
(X; — xpn)2 12
n=0 =0
i#n
which seems to be new. Finally, the summation rule [14]
. (N+1D(B—a)
an == (75)
fort N+ o+ +2

may easily be found from theorem 3.8. If this is combined with an appropriate one in (67)-(70), further relations may be derived.
However, we do not present them here in order not to overfill the content with similar formulas.

5. Conclusion

In this paper, we have elucidated the general and unified structures of the formulas generating specific algebraic equations for the
roots of the polynomials that satisfy the EHT in (2). Actually, the statements of the theorems in section 3, except those of 3.1 and 3.3
[9, 26], are reported for the first time within this generality. Therefore, well-known and certain novel results for the zeros of the COPs
associated with the names Hermite, Laguerre and Jacobi are presented in section 4 as special cases. Note that similar equations for the
zeros of derivatives p,(,k) (x) may be generated by using the differential-difference relations

dk 2kn! dk
00 = g0, Rl 00 = G

and
d KBk
SR 0) = S B P G0
for the COPs, where (a), = a(a + 1) ... (a + m — 1) is the Pochhammer symbol.
As another remark, it may be of some interest to recall that the pseudospectral differentiation matrices D of order k have zero row

sums [27,28]. This suggests several Stieltjes—Calogero relations of new kinds. To be specific, the first-order differentiation matrix in (13)
provides an identity of the form

u 1 T(Xm)
= . 76
2 o a0~ 20 Gy 1) ve)
n#m

Keeping in mind that yy+1(x) stands for a normalized polynomial solution of the EHT, we have in the Hermite case, for example,

1 Xm
2 G i)~ Fato) )
n#m

where the recursion H;\,_H(x) = 2(N 4+ 1)Hn(x) or w,(,+1(x,,) = /2(N 4 1)y¥n(x) has been used. In principle, it is also possible to
evaluate the sums of forms

Z 1450 or XN: ﬂ for M=1,2
(i — xn)M =0 (x5 — xp)M B
I;én i#n
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by means of the idea employed in section 3. As a simple and typical example, multiplying (35) throughout by 7(x,), and adding and
subtracting the term t(x;) to the numerator on the left-hand side, we have

N N

T0) — 7)) +T(x) _ [r(x)]? ) _ o )l
; Xj — Xn T 20(xp) = ;xi—xn =N+ 20 (x)
i#n i#n

where t(x,) — t(x;) = (x, — x;))T’ if the Taylor polynomial expansion t(x) = 7(0) + ’x of 7(x) about zero is considered. Unfortu-
nately, however, when M > 3, the labour involved in finding and equating the powers of the matrix elements KCr,, and 7T, increases
dramatically, making the procedure useless from a practical viewpoint.

The present results have been obtained under the orthogonality assumption in (8). Nevertheless, most of the results are valid much
more generally. For example, the results for the Laguerre polynomials L%—H (x) are derived for a real parameter y > —1. However, they

may be extended to be valid for an arbitrary complex constant y # —1,—2,...,—(N + 1) by means of analytic continuation. The same
idea can be used in the case of the Jacobi polynomials as well, to extend the validity of the results from real parameters @, 8 > —1 to
arbitrary complex numbers « and S wherea + B # —2,-3,...,—2(N + 1).

More general second-order ordinary differential equations than equation (2) with polynomial coefficients have sometimes polyno-
mial solutions as well. To be specific, the exceptional Laguerre and Jacobi or the Heun-like equations are the typical examples for
equations of this type [29, 30]. It seems that the present technique with appropriate modifications may be applied to determine similar
relations between the zeros of polynomial solutions. Furthermore, it may be generalized to deal with the roots of discrete orthogonal
polynomials like Hahn, Charlier, Krawchouk and Meixner, which is presently an ongoing research.
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