TRACE HOMOMORPHISM FOR SMOOTH MANIFOLDS

YILDIRAY OZAN

ABSTRACT. In this note we prove the following result: Let G be a group
acting on a smooth manifold M and let £ — M be a G-equivariant
bundle. If £ > 1 then the image of the trace map

Hi(G) x Hi(X) ™S Hyy(X)

annihilates any characteristic class of the bundle E. We also give several
corollaries of the theorem.

1. INTRODUCTION AND THE RESULTS

Let G be any topological group acting on a topological space X and R
any commutative ring. We define the trace homomorphism,

Hiy(G) x Hy(X) ™S Hyp(X),

corresponding to this action as follows: if ¢ : U - G and 0 : A — X are
cycles in G and X of degrees k£ and [ representing classes v, a, respectively,
let 7, (v, ) be the class represented by the homology cycle (u,a) — ¢(u)(a),
(u,a) € U x A.

In 2003, it is proved in [1, 2] that the trace homomorphism of the Hamil-
tonian group of a closed symplectic manifold (M, w) on the rational homology
of M,

t *
Hk(Ham(M?w)vQ) X Hl(Ma Q) L> Hk-l—l(Ma Q)a
is trivial, for £ > 1. Inspired by this result we prove the following
Theorem 1.1. Let G be a group acting on a smooth manifold M and let

E — M be a G-equivariant bundle. If k > 1 then the image of the trace
map

Hy,(G) x Hi(X) ™S Hyy(X)

annihilates any characteristic class of the bundle E.
Some immediate corollaries of the above result are as follows.
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Corollary 1.2. Let G be any subgroup of the group of all diffeomorphisms
of M, Diff(M). Then the frame bundle P — M is G-equivariant and hence
every characteristic class annihilates the trace homomorphism.

For the next corollary, let I' be a geometric structure on M, i.e., a re-
duction of the frame bundle P — M. For example, I' can be induced by
a foliation (suggested by Kotschich), a volume form, a symplectic form, an
almost complex structure or a Riemannian metric. Then, we have

Corollary 1.3. Let I" be as above and G the subgroup of Diff(M ) preserving
the geometric structure I'. Then I is clearly G-equivariant and hence every
characteristic class of I" annihilates the trace homomorphism.

We will finish this section with the following corollary: Let G be any
subgroup of Diff(M). Since Diff(M) acts transitively on M we have so
called the evaluation bundle

Diff(M, x) — Diff(M) — M,
which is clearly G-equivariant. Let f : M — BDiff(M,x) be a classifying

map of this bundle. Since any class in the image of f* : H*(BDiff(M, z)) —
H*(M) is a characteristic class of this bundle, we obtain

Corollary 1.4. Let M and G be as in the above paragraph. Then every
class in the image of f* : H*(BDiff(M,z)) — H*(M) annihilates the trace
homomorphism.

2. PROOF OF THE THEOREM

To prove the above theorem we need to recall the definition and some basic
properties of equivariant bundles: Let G be any Lie group and F — F 5 B
a fiber bundle. If G acts on both £ and B such that the projection map
7 is G-equivariant; i.e., m(v - g) = w(v) - g, for all g € G and v € E, we
say that the bundle is G-equivariant. Note that if X is also a G-space and
f X — B is a G-equivariant map then the pullback bundle has an induced
G-equivariant structure.

Example 2.1. i) Let F - E 5 B be a G-equivariant fiber bundle, where
the action of G on B, and hence on F, is free. Taking quotients of both the
total space and the base by G, we get another fiber bundle ' — E/G 5
B/@G, whose pullback via the quotient map p : B — B/G is isomorphic to
the bundle F' — E 5 B.

ii) Let M be a smooth manifold and G be any subgroup of the group
of all diffeomorphisms of M, Diff(M). Since any diffeomorphism of M,
¢ : M — M, extends to the tangent bundle ¢, : T, M — T, M, we see that
the tangent bundle is G-equivariant.
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Proof of Theorem 1.1. Consider the trace map
tr:Gx M — M, (g,z)— x-g, forall (g,x) € G x M.

To prove the theorem it suffices to show that ¢r*(c(E)) = 0, for any charac-
teristic class ¢(E), of degree [ + k, of the bundle £ — M.

Note that G acts on M x G by right multiplication on the second factor,
which makes the trace map G-equivariant. By assumption the bundle £ —
M is G-equivariant and hence the pullback bundle ¢r*(E) — M x G is
G-equivariant. Since the G-action on the base space M x G is free, this
bundle is induced from the quotient bundle tr*(E)/G — (M x G)/G, which
is isomorphic to 7*(E). Hence, tr*(E) = n*(E).

Now for any classes a € Hy(G) and 8 € Hy(M), we have c(E)(tr.(a, 8)) =
tr*(c(E)) (o, B) = 7*(c(E))(a, B) = c(E)(ms(av, B)) = 0, since k > 1. O

3. APPLICATIONS

3.1. The tori T". The tangent bundle and hence the frame bundle of the n-
tori T™ is trivial. So there is no characteristic class which will annihilate the
trace homomorphism. Indeed, since T™ is naturally contained in Diff(M),
by the Kiinneth formula the trace homomorphism is nontrivial.

3.2. Triviality of the trace homomorphism. Let M be a closed con-
nected smooth manifold, G = Diff(M) and R denote the either field Zy or
Q. Also let P denote the subalgebra of the cohomology algebra H*(M, R),
generated by the Stiefel-Whitney classes w;(M), if R = Zz, and the subal-
gebra generated by the Pontryagin classes p;(M) and the Euler class e(M),
if R = Q. If M is such that P is the whole of the cohomology algebra
H*(M, R) then the trace homomorphism must be trivial for the group G.

Note that even dimensional spheres and some real projective spaces sat-
isfies these conditions.

The analogous result holds if M has an almost complex structure, G is the
subgroup of Diff(M) that consists of those diffeomorphisms preserving the
almost complex structure and P is the subalgebra of the rational cohomology
of M generated by the Chern classes of the complex structure. For example,
the rational cohomology of the complex projective space CP™ is generated
by its Chern classes and hence the trace homomorphism must be trivial.

3.3. Trace homomorphism on cohomology. For R = Z, or Q we have
HP(M, R) = Hom(H,(M, R), R) and using this duality we may define trace
homomorphism in cohomology: Let u € Hy(Diffo(M), R) and define

tr* . HP(M,R) — HP~*(M,R)
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by the formula a — tr}(a), a € HP(M, R), where
try(a) : Hy—p(M,R) — R, tr;(a)(e) = a(tri(u, o)), a € Hy_(M, R).

Hence, the conclusion of Theorem 1.1 can be written as ¢r}(P) = 0, for all
S Hk(Difo(M), R), k>1.

Suppose that u € Hy(Diffg(M), R) is of the form u = t,([S¥]), where 1) :
Sk — Diffy(M) is a smooth map. Using this cycle representing u we can build
a fiber bundle M — E — S¥*1 such that the connecting homomorphism
in the Wang sequence corresponding to this bundle is nothing but the trace
homomorphism:

— HPY(E,R) — H?'(M,R) "¢ HP~*~1(M,R) — HP(E, R) —

It is well known that the connecting homomorphism in the Wang sequence
is a derivation of degree k ([4]). In other words, for any x,y € H*(M, R),

tr(zy) = try(2) y + (~1)* 9z 1 (y).

On the other hand, for general u, since Diffy(M) is an H-space any rational
homology class is a product of rational homotopy classes (cf. see Section 5
of [1]) and therefore tr, is the composition of the trace homomorphisms
corresponding to the factors of w, in the factorization of uw as a product of
rational homotopy classes. Hence, we obtain the following result:

Proposition 3.1. Let v € Hy(Diffy(M),Q), k > 0. For any cohomol-
ogy classes z,y € H*(M,Q) such that y € P (hence tr}(y) = 0) we have
tri(xy) = trl(z)y. Moreover, if deg(z) < k then ¢r}(xy) = 0.

The above proposition yields the following corollary:
Corollary 3.2. The natural map
tr* : Hy(Diffg(M), Q) — homp(H*(M,Q), H* *(M,Q))

is a homomorphism, where we regard H*(M,Q) as a right module over its
subalgebra P and homp(H*(M,Q), H*~*(M,Q)) denotes the group of P-
module homomorphisms.

Example 3.3. Let u be as in the complex analog of the above proposition,
where P is generated by the Chern classes of the almost complex manifold
(M, J) and u belongs to Hy(Diffy(M, J), R). Assume that (M, w) is a mono-
tone closed symplectic manifold of dimension 2n. So [w] is a multiple of
¢1(M) and hence it is in P. Assume further that M has the Hard Lefschetz
Property, i.e.,

U [w]" : H""(M,C) — H™"(M,C)
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is an isomorphism for any r > 0. So, if b € H"*"(M,C) then b = a [w]" for
some a € H""(M,C) and hence

try (b) = try,(a [W]") = try(a) [w]".
In particular, 7} ([w]") = 0. It follows that, if £ > n then ¢r} = 0.
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