
Calculus 119
7th Week1

1.

Area =
∫ 3

0
2y−y2−(y2−4y)dy =

∫ 3

0
6y−2y2dy = [3y2 − 2y3

3
]

∣∣∣∣∣
3

0

= 27−18 = 9

2. (a) x = 2y2 and x+ y = 1

Let’s determine the intersection points{
x = 2y2

x+ y = 1
⇒ 2y2+y−1 = 0⇒ y = −1, y = 1/2⇒ (2,−1)&(

1

2
,
1

2
)

Area =
∫ 1

2

−1
1− y − (2y2)dy =

[
y − y2

2
− 2y3

3

]∣∣∣∣∣
1
2

−1

= (
1

2
− 1

8
− 1

12
)− (−1− 1

2
+

2

3
) =

9

8

(b) x = 1− y2 and x = y2 − 1

1Please email all corrections and suggestions to these solutions to htor@metu.edu.tr.
All solutions are available on the web at the url http://www.metu.edu.tr/∼htor.
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Let’s determine the intersection points{
x = 1− y2

x = y2 − 1
⇒ 1−y2 = y2−1⇒ y2 = 1⇒ y = ∓1⇒ (0,−1)&(0, 1)

Area =
∫ 1

−1
1− y2 − (y2 − 1)dy =

∫ 1

−1
2− 2y2dy

=

[
2y − 2y3

3

]∣∣∣∣∣
1

−1

= 2[1− 1

3
− (−1 +

1

3
)] =

8

3

3. First we should find the equation of the lines passes through the given
three points.
i)(0,5) and (5,1) ⇒ y = −4

5
x+ 5

ii) (5,1) and (2,-2) ⇒ y = x− 4
iii) (0,5) and (2,-2) ⇒ y = −7

2
x+ 5

so,

Area =
∫ 2

0
(−4

5
x+ 5)− (−7

2
x+ 5)dx+

∫ 5

2
(−4

5
x+ 5)− (−x− 4)dx

=
∫ 2

0

27

10
xdx+

∫ 5

2
−9

5
x+ 9dx =

[
27

20
x2
]∣∣∣∣2

0
+
[
− 9

10
x2 + 9x

]∣∣∣∣5
2

=
27

5
+ (−45

2
+ 45)− (−18

5
+ 18) =

27

2

2



4. (a) y = x2 and y2 = x; about x-axis

x = y2 ⇒ y =
√
x

A(x) = π(
√
x)2 − π(x2)2 = πx− πx4

Volume =
∫ 1

0
A(x)dx =

∫ 1

0
πx− πx4dx =

[
π
x2

2
− πx

5

5

]∣∣∣∣∣
1

0

= π
1

2
− π1

5
=

3π

10

(b) y2 = x and x = 2y; about the y-axis

A(y) = π(2y)2 − π(y2)2

Volume =
∫ 2

0
A(y)dy = π

∫ 2

0
4y2 − y4dy = π

[
4

3
y3 − 1

5
y5
]∣∣∣∣2

0

= π(
32

3
− 32

5
) =

64π

15

(c) y = x and y =
√
x; about y=1

A(x) = π(1− x)2− π(1−
√
x)2 = π(1− 2x+ x2− 1 + 2

√
x− x) =

π(x2 − 3x+ 2
√
x
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Volume =
∫ 1

0
A(x)dx =

∫ 1

0
π(x2−3x+2

√
xdx = π

[
x3

3
− 3

2
x2 + 2x

]∣∣∣∣∣
1

0

= π(5
3
− 3

2
) = π

6

5. (a)

V =
∫ 1

0
π(1− 3

√
y)2dy = π

∫ 1

0
(1− 2y1/3 + y2/3)dy

= π (y − 3

2
y4/3 +

3

5
y5/3)

∣∣∣∣1
0

= π(1− 3

2
+

3

5
) =

π

10

(b)

V =
∫ 1

0
π(y2)2dy = π

∫ 1

0
y4 = π (

1

5
y5)
∣∣∣∣1
0

=
π

5

6. Hint: Consider the spheres x2 + y2 + z2 = r2 & (x− r)2 + y2 + z2 = r2.
Obviously, the center of each sphere lies on the surface of the other
spere. Use the formula from exercise 49 (or directly calculate).

7. y = 4x2 and 2x+ y = 6 ; about the x-axis
Let’s find the intersection points of y = 4x2 and 2x+ y = 6

y = 4x2

2x+ y = 6

}
⇒ 4x2 = 6− 2x⇒ x = −3

2
or x = 1

⇒ (−3

2
, 9) & (1, 4) since y = 6− 2x

so

Vclinder = 2πrh∆r
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If y ∈ (0, 4),then Vcylinder = 2πy(1
2

√
y − (−1

2

√
y)∆y.

If y ∈ (4, 9), then Vcylinder = 2πy(−1
2
y + 3− (−1

2

√
y)∆y

Thus,

Volume =
∫ 4

0
2πy(

1

2

√
y − (−1

2

√
y)dy +

∫ 9

4
2πy(−1

2
y + 3− (−1

2

√
y)dy

= 2π(
∫ 4

0
y
√
ydy +

∫ 9

4
(−1

2
y2 + 3y +

1

2
y

3
2dy

= 2π[ (
2

5
y

5
2 )
∣∣∣∣4
0

+ (−1

6
y3 +

3

2
y2 +

1

5
y

1
5 )
∣∣∣∣9
4

=
250π

3

8. y = x2, y = 0, x = 1, x = 2 ;about x = 4

Vclinder = 2π(4− x)x2∆x

Volume =
∫ 2

1
2π(4− x)x2dx = 2π

(
4

3
x3 − x4

4

)∣∣∣∣∣
2

1

=
67

6
π

9. x =
√
siny , 0 ≤ y ≤ π, x = 0; about y = 4

Vclinder = 2π(4− y)
√
siny∆y

Volume =
∫ π

0
2π(4− y)

√
sinydy
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10.

11.

fave =
1

π − 0

∫ π

0
cos4 x sinxdx =

1

π

∫ −1

1
−u4du

usinge the subsution u = cosx⇒ du = − sinxdx

⇒ fave = − 1

π
(
u5

5
)−1
1 =

2

5π

12. i) a)

fave =
1

5− 2

∫ 5

2
(x− 3)2dx =

1

3
(
(x− 3)3

3
)

∣∣∣∣∣
5

2

=
1

9
(8− (−1)) = 1

b)
f(c) = fave = 1⇒ (c− 3)2 = 1⇒ c = 4orc = 2

c)

ii) a)

fave =
1

4− 0

∫ 4

0

√
xdx =

1

4

2

3
x

3
2

∣∣∣∣4
0

=
4

3

b)

[f(c) = fave =
4

3
⇒
√
c =

4

3
⇒ c =

16

9
c)
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