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MAT 101
MATHEMATICS FOR SOCIAL SCIENCES

CURVE SKECTHING
Solutions of Selected Problems from Sections 13.1, 13.2, 13.3, 13.4, and 13.5

Problem 13.1 (page 576)
Suggested Problems: 1-64

!\J

Decreasing on (
(=1, 0) and (1, =¢); relative minima (-1, —1) and
(1, =1): relative maximum (0, 0).

4. Decreasing on (—=2, 0) and (0, =2): never

increasing: no relative maximum: no relative
minimum.

6. f'(x)=2x(x-13
CV:x=0,1
+ -
0 1
Inc1easmc on (—=2, 0) and (1, =°): decreasing on

0, 1): relative maximum when x = 0: relative
111inj1mun whenx=1.

x(x+2)
8. f'(x)=—r—
¥+l
CV:x=0 -2
+ - o+
I
2 0

]JlClEElSlIlQ on (—», =2) and (0, =): decreasing on
2, 0): le]atn e maximum when x = —2: relative
111i11i111um when x = 0.

10. y=x°+4x+3
V=2x+4=2(x+2)
CVix=-2
-+
bl
Decreasing on (—=2, —2); increasing on (-2, =);
relative minimum when x = —2.
4
_X
4 y="+x
4
V' =x£3x8% =4 (x+3)
CV:x=-30
- + +
-
-3 0
Decreasing on (—=2, —3): increasing on (-3, 0)
and (0, =2): relative minimum at x = —3.

—0, —1) and (0, 1): increasing on

20.

y==5x +x% +x-7
y=-1 5% +2x+1= —(BGx+1)(3x-1)

—_—

11
53

| .
'md o0 |:

. ( (1
Decreasing on | —=2, — 3 )
\ ) )

’ | —

p
increasing on | -

\

| relative minimum when

o
wl»—-

X =——:relative maximum when ¥ =—
5

fv"f—ﬁ+3v+4
¥ =4x* —13.‘:2—3:(4.\(2—1)('_\(2—3)
= 2x=D)@x+1)(x++3)(x—+3)
+43

+ -+ - 4

CV: x=zx

00| —

FY 1z
-3 -5 343

Increasing on (_, | S [\f c,)
decreasing on ﬂ/§ 771 '1nd| — \/_|

relative maxima when x= —\/§, E : relative

- 1
minima when x= —E, \fg .
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30. y=3x(x-2)
2(2x-1

y= ( vi )
3x3

cV: x=0, 1
2

R
Decreasing on (—o0, 0) and I 0, 5 : increasing

."l A\ . o
on | —, @0 i : relative minimum when X =—: no
A A 2
relative maximum.

34 y= 3x
o 2x+5
s_3@x+5-@yE _ 15
’ (2x+5)2 (2x+5)?

N 5 . .
CV: None but x= 75 must be included in the
sign chart because it is a point of discontinuity of
y.

+ +

|
[T

Increasing on | -0, —

relative extremum

2x%

38 y=——
TReT
v - 4x’ 253y - (2% 8
) (4x" - 25)°
100x 100x

42252 (2x-5)%(2x+5)°

CWV:x =0, but x==x— must be included in the

oo | e

sign chart because they are points of
discontinuity of y.

b+ - -
— et

BN

2

s \ { b
Increasing on ' -, —— | and ' —E, 0 ]:

/ \

[ 5) (5
decreasing on l 0,— and I o -
L / \ /

, relative

maximum at x = 0.
40. y=VF-9x

Y= é[!r3 -9x)

_2
3

(x+-8)()

(3,y2 - 9) = .
[x(x+3) (x=3)*

CV: x=24/3,0, 23
+ o+ - -+ o+

343043 3

Increasing on (—=, —-3), (—3, —Jg) [J§ 3] cand

(3, =) decreasing on ( —\/5, D) and (0, \/5) :

relative maximum when x= —\/5 : relative

minimum when x= «./5 .

46. y=xInx. (Note: x=0.)

48.

V=1l+lnx
¥=0whenl+Inx=0Inx=-1, or

SRR 1 \
Decreasing on l 0, - ]: increasing on | —, =™ |:

relative mininmm when x=—.
e

t"“. = (—T“ I. l —_
X
CWV:x =1, but x =0 must also be included in the
sign chart because it is a point of discontinuity of
V.

- -+

1

Increasing on (1, #0); decreasing on (—=, 0) and
(0, 1): relative minimum when x = 1.

1) o x—1)
— =
YZ ,J \ t’2 ]

1 2

y=x'e"—x

y=2x*-5x-12= (2x+3)(x—4)

{ 3 k)
Intercepts | ~2 0.4, 0),(0,-12)
N 4
[ 5)
V=4x-5=4 x——
’ L4
5
CV: x=—
4
. ( 5% . . (5 )
Decreasing on | —n, 1 ‘ : increasing on | 7 o0
AN 4 AN A

relative minimum when X =

| en
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58. y=2xX-—x° —dx+4
The x-intercept is not convenient to find.
y-intercept is (0, 4).
¥ =6x2 —2x—4=2(3x+2)(x—1)
2

CV: x=——1
3

. ( 2 ,
Increasing on | —, —— | and (1, #0); decreasing
(=1 3 (=
Y A

relative mininmum when x = 1.
¥

62. y= J; —-x-2)=
[Note x =0.]
Intercepts (0, 0), (2, 0)

y=x32 3l _p2

ooz 3z 51
l 2 2 2

= Jx(x-2)(x+1)

= #(5% —3x-2)

2\f
CV:ix=0,1(x=0)
Decreasing on (0, 1); increasing on (1, «0):
relative minimum when x = 1.

(5x+2)(x-1)

. . 2
; relative maximum when x=-— §;

64.

2
y= r3 +:Jr3 =x*(x+5)

Intercepts (0, 0), (-5, 0)

5 2
y= 5 aa 10 ID 5(x+2)

1
3 3.?3 3x3
CV:x=0,-2
Increasing on (—=2, —2) and (0, «2); decreasing on
(-2, 0): relative maximum when x = -2: relative
minimum when x = 0.

1od
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Problem 13.2 (p. 580)
Suggested Problems: 1-12

f(x) = —2x* —6x+5 and fis continuous over
[-3. 2].

{ 30
f'(x) =—4x-6=—4| X+ |
.. ) . 3
The only critical value on (-3, 2)is x= _E . We

have fi-3) =35, f[r —;‘

J

= ? cand fi2) =-15.

Absolute maximum: £ I —g | = g:

2
absolute minimun: f{2) =-15
1
4

3 . .
X! _EYZ and f'is continuous over

f(x)=
[0, 1].

f'(x) = ¥ —3x= X(X+\/§)(X—\/§]

There are no critical values on (0, 1), so we only
have to evaluate f at the end points: f{0) = 0 and

Absolute maximum: f{0) = 0:

absolute minimum: (1) =—

H= | e

2
f(x) = x* and fis continuous over [-8, 8].
1

) =2 v 3

f'(x) 3 x 3.
The only critical value on (-8, 8) is x = 0. We
have f{—8) = 4, f{0) = 0, and f{8) = 4. Thus there
is an absolute maximum when x = -8 or
x =8, and an absolute minimum when x = 0.
Absolute maximum: f{—8) = f(8) = 4:
absolute minimum: f{0) =0

f(x) :%‘3 1242 —3x+1 and fis continuous

over [0, 3].
f'(x)= 7x° +4x-3= (Tx=3)(x+1)

o\ . 3
The only critical value on (0, 3)is x¥= ? . We

13
49
Absolute maximum: f{3) = 73;

13

absolute minimum: | ? ‘z —
RN

49

have fi0) = 1, f‘r % |= ,and fi3) =73.

10.

f(x)= ;-x‘l —%YZ +3 and fis continuous over

-2, 3].
f'()=x —x=x(x*-1) = x(x=1)(x+1)

The critical values of fon (=2, 3) are x =-1, 0,
1. We have fi-2)=35, f(-]) z%, fio) =3,
() 214—1 and £(3) :E_

Absolute maximum: f(3) =

Absolute minimum: (1) = f(l) =—

f(x)=

X . .
and f is continuous over [0, 2].
¥+l

(+ +1)—x(2x) g
(1)

() =———
(XE +1J
1+x(1-x)
(2 +1)

The only critical value on (0, 2)isx = 1. We
1 2

have fi0) =0, £() =7 and £(2)=7.
5

1.
7

Absolute maximum: (1) =

absolute minimum: f{0) =0
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Problem 13.3 (p. 586)
Suggested Problems: 1-66

| o

54 Xt 0¥
2 f=Xit 4 y=-2 X
20 4 4 2
1% = (x=1) (x+2)? - +9x+2
f"(x) is O whenx =1, 2. Sign chart for " : y'= 3¢ +9= —3(,\’2 -3)
- - f =—3[:X+\/§)(X—\/§]
-2 1 . . ) .
Concave down on (—2, —2) and (-2, 1): concave Possible inflection points whe;n x=13. ..
up on (1, «). Inflection point w! hen x=1. Concave down on (—OC-, ,\/ﬁ ] and (\/§ SR
4. f(n)= 5 concave up on [—»\/5 , \/§ ] : inflection points
x—1 '
( ) when x¥= :\/5 .
f"(x) = M 3 1 1 1 2
{Ar—l)4 18. V:—ifl e L +—x——
1 : 2 6 2 3 ]
f"(x) =0 when x=-——. Although f" isnot
2 B y:_lgﬁ_l\ﬁ +Ar+l
defined when x = 1, fis not continuous at x = 1.
So there is no inflection point when x = 1, but =-30 YZ x+1=—(Gx+1)(6x-1)

x =1 must be considered in concavity analysis. 1
Sign chartof f": Possible inflection points when x=——,
- ]

LIS o
—15 [ Concave down on | -0, —— | and I re @0 | :
Concaveupon | ——, 1| and (1, =): concave
PR 22. y=x"-3x*
down on '—cf—é ‘ PJ:GYD_]EYS
o ¥ =30x* ~36x% =304 YZ—EI
Inflection point when X = 7
=30x° X—\/_ i X+\/_
6. f(x)=xVd—x° i

() ZX(_ X~ 6_.] Possible inflection points whenx =0, £, |-

A= 3 3

(4-2 ’
/ Concave up on ‘ -, —J;

and ‘ \/_ :
Note that the domain of fis [-2. 2]. f"(x) is0

only when x=0:; " is not defined when v = £2,
which are the endpoints of the domain of f. The concave down on ‘ =0 ' and ‘ 0. I

only possible point of inflection occurs when
x=0. Sign chart for f":

+ -
—_—
2 0 2

Concave up on (-2, 0): concave down on (0, 2).
Inflection point when x = 0.

Inflection points when x= +\/_ .
5
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26. y= o’ 36. y=x‘+2
Coxs Intercept (0, 2)
1l 2 -
L, (x+3)(8x) _4‘\,2 1)) B 4 (X +6X) C{‘\Y 2x .
N 2 - 2 NIX=
(x+3) (x+3) Decreasing on (—==, 0); increasing on (0, =2):
Y = (x+ 3) (4)(2x+6) - YZ 6x)(2) (x+3) relative minimum at (0, 2).
’ (x+3)* V=2
T2 No possible inflection point. Concave up on
- (x+3)° (=20, @2). Symmetric about the y-axis.

No possible inflection point, but we must include
x = -3 in the concavity analysis. Concave down
on (—4, —3): concave up on (-3, «).

30. y=e"-¢"

y=e"+e* 1 .
}(J\‘:e.l'_e—.l' Y I__I s I_‘“\
Setting " =0 gives e* =& or, equivalently, 8. y=x- 2aio= (x=2)(x+1)
x=0. Concave down on (—=2, 0): concave up on Intercepts (2, 0). (—1, 0), and (0, 2)
(0, 0): inflection point when V=1-2x o e T
x=0. ’ |
CV: x=—
M. y= ke 2
3e" I 1) { 1 \
: ( Vo X ( ' Increasing on | —=, — | : decreasing on | —, =2 |:
X (2 +1)3¢" (2 +1) \ I ‘\2 |
I;J = =
o 2 X
gt‘ g 38“ relative maximum at | é %
2x—x* -1 )
= 37; _,V =-2
€ No possible inflection point. Concave down on
3e"(2—2x) - ( x—x° - 1] (=0, ).
M -
”}( - 9 2x 5:]
(@-29- ~(2x-4-1) »\
- 3et / ::jjx
X —4x+3  (x—1)(x-3) T
36."“. 3&."“. 1
Possible inflection points when x =1, 3.
Concave up on (—=0, 1) and (3, =0): concave 40, v=x3 254 = &2 (x—25)

down on

(1, 3): inflection point when x =1, 3. Intercepts: (0, 0) and (25, 0)

¥ =3x% - 50x= 3x] X—:)—D
" 3 )
CV: x=0, 20
3

. . (50 .
Increasing on (—=2, 0) and | R Es |; decreasing

4 50 3\ i i )
on | 0, ? ]; relative maximum at (0, 0): relative

62,500
21 )

. (5
mmmum at | ?; -
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V' =6x-50= 6 X——
i L 3)

S . . 25
Possible inflection point when x= ? Concave

c Y

( 25 [ 25
down on [ = 3 ‘; concave up on l 3 @
\ Fi \ 'a’

(25 31,250
inflection point at | —, — .
L3 27 )

120017
1 I\ il IX

46. y=—x+2x —x+4
Intercept (0, 4)
¥ =-3¢ +4x-1=—@x-1)(x-1)

CcV: X:l, 1
3

Decreasing on ‘ —0, 3 ] and (1, #°); increasing
\ )

'~ o (1 104)
. relative minimum at ‘ - = |-
13" 27 )

on | % 1

relative maximum at (1, 4)
: (.2
y'=—bx+4=—6| x—— ‘
J | 3
2
3
p 2 p
up on ‘ —a0, 3 ; concave down on |
\ \

Possible inflection point when x=—. Concave

y‘
. .

2
3

/

inflection point at | —, — |
{3 27

¥

J 100 20 100
Intercepts (0, 0), (5, 0)
PR T S

, X
J 20 5 20 20074
CV:x=0andx=4
Increasing on (—=2, 0) and (4, =0); decreasing on
(0, 4): relative maximum at (0, 0): relative
minimuum at (4, -2.56).

X 3 2

_(x-3)
J J J

Possible inflection points when x =0 and x = 3.
Concave down on (—=2, 0) and (0, 3); concave up
on (3, =0): inflection point at (3, -1.62).

V"

54. y_w—av?_sv?[ }

_39\ H\/_h r_\/_i

Intercepts (0, 0) and l \/_ 0 ‘

Symmetric about the origin.

¥ =15x* =152 =15x% (x+1) (x-1)
CV:x=0andx==1

Increasing on (—2, —1) and (1, ©2); decreasing on
(=1, 0) and (0, 1): relative maximum at (-1, 2):
relative minimum at (1, —2).

7" =60x° —30x=60x| N ha

JE
Possible inflection points at x =0 and x=+—.

/ \
| 2
Concave down on ‘ —on, —T and ‘ 0, — i:

concave up on l ——, {Illd ‘

inflection points at ‘ T  — ' ,(0,0), and

"_Q @|

2’ 8

34




(D METU
NORTHERN CYPRUS
CAMPUS

8. y=(r-1)%(x+2)? 60.

Intercepts (0, 4), (1, 0), (-2, 0)
¥ = (=D 2(x+2)] + (x+ 2)*[2(x~1)]
=2x-1Dx+2)2x+ 1)

CV: x=-2, —l, 1
2

Decreasing on (—=2, —2) and ' —E, 1 |: increasing

on | -2, —% ]

and (1, =2): relative maximum at

(-33]
\ 16 )
(-2,0) and (1,0): ¥ =2(2x° +3x* —3x-2), so

: relative minima at

0= -

¥ =6(2x* +2x-1). Setting " =0 and using

the quadratic formula gives possible inflection
—1+43

points at x=

143 )
2

. Concave up on
,1,\[5! .
A 2 A
[-1-3 -1+43 )
2

down on l > \ : inflection points

—“1+43
2

‘—r/?
\

. concave

and ‘

/ /

when x=

¥

¥=(x+1)+/x+4 [Note: x =—4]
Intercepts (0, 2), (=1, 0) and (-4, 0)
¥V =(x+1)- 1 +x+4(1)

2~ x+4

1
2\/m[{xlr D) +2(x+4)]
_ 3(x+3)
2Nx+4
CV:ix=-3 -4
Decreasing on (—4, —3): increasing on (—3, #0);
relative minimum at (=3, =2)

3 Jx+a4) - (x+ 3}-2‘4{1:1

2 (Va+d)
3 2(x+4)-(x+3) _ 3(x+5)
4 x+4¥2 ax+a)¥?

No possible inflection point. Concave up on
(=4, =0).

v

-
S
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Problem 13.4 (p. 589)
Suggested Problems: 1-14

2. y=5x"+20x+2
¥ =10x+20
CV: x=-2
¥'=10
y'(-2)=10=>0
Thus there is a relative minimum when x = -2.
Because there is only one relative extremum and

fis continuous, the relative mininum is an
absolute minimum.

4. y=3x"-5x+6

Y =6x-5
CV: x= 2
6
Vf! — 6
4 5 hY
V' =|=6=>0
Is)

5

Thus there is a relative minimum when x=

Because there is only one relative extremum and
fis continuous, the relative minimum is an
absolute minimum.

6. y=x —12x+1
¥ =3x% —12 =3(x+2)(x—2)
CV:ix==2
“Vr: — GX

¥"(=2) =-12 < 0= relative maximum when

8. y=x'-24+4
¥ =4x° —4x=4x(x+1)(x-1)
CV: =0,=1
V' =12x* -4
¥"(0) =—4 < 0 = relative maximum whenx =0
V() =8 > 0 = relative minimum when x =1
V'(-1) =8> 0= relative minimum when
x=-1

12. y:?f —x* —21x-3

V= 55x° —2x—21= (5x+3)(11x—7)

ovix=-3 L
11
¥ =110x-2
¥ I —— [=-68 <0 = relative maximum when
o2
3
= -
5
(70
y"; 1 =68 > 0= relative minimum when
AN ."l
11
X=—
7
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Problem 13.5 (p. 598)
Suggested Problems: 1-50

2y =Xt

X
‘When x =0 the denominator is zero but the
numerator is not. Thus x =0 is a vertical

.ox+l ¢ .
asymptote. lim —— = lim —= lim 1=1.
r—»w X x—»xe X x—w
Similarly lim f(x)=1.Thusy=1isa
A—=—L
horizontal asymptote.
2 x-2
6. y=f(x)=l-—=——

2 &

When x = 0 the denominator is zero but the
numerator is not. Thus x = 0 is a vertical
. [, 2
lim | 1-—-
A= L Xz J
lim f(x) =1, soy=1isahorizontal
X——0
asymptote.

asymptote.

=1-0=1. Similarly

X X
¥Y-4 (x-2)(x+2)
Vertical asymptotes: x =2, x = —2.

8. y=1f(x)=

J X 1
lim —— = lim — = lim — =0. Similarly,
X—0 XZ —4 x—=w yz x—wo X
lim £f(x) =0. Thus y = 0is a horizontal
X——0
asymptote.

12. f(x) =— is a polynomial function, so there are
5

no horizontal or vertical asymptotes.
X -1 ¥ -1

16. f(x)= -
2% —9x+4 (Rx-1)(x—4)

. 1
Vertical asymptotes are X = E and x = 4.

] 1 1
lim f(x)= lim —= lim —=— and
A A0 2;\‘2 X—0 2

1 1
lim f(x) =—.Thus y=— is a horizontal
x> 2 T2

asymptote.

_ P +4x +6x1
352

Observe that both the numerator and the
denominator are zero when x = 0. For x # 0, we
have

y=1fx

()= ke (4 4x+6x7) = L (1+ 4x+622).
3x° 3

Thus fis a polynomial function for x 2 0. Hence

there are neither horizontal nor vertical

asymptotes.

f(x)=12e""
lim f(x)=0 and lim f(x)=+.Thusy=0
X—C A——0

is a horizontal asymptote. There is no vertical
asymptote because f{x) neither increases nor
decreases without bound around any fixed value
of x.

Intercept: |U —%:l

. , 3

Vertical asymptote is X = E

lim y=0= lim y, soy=0is ahorizontal
K0 X0
asymptote.

4
Y = a3t

(2x-3)

10
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CW: None, but x= % must be considered in the

A

I

' 3
inc. dec. analysis. Decreasing on l —o0, 3 and

\

3 A
[_, ” |
2 )

16
(2x-3)°

A

o . . 3
No possible inflection point, but x= 2 must be

considered in the concavity analysis. Concave

[ 3
down on | —=, — |;
| 2,

3 Y
concave up on i E, ol |,

75}

v 1
G

Intercept (0, 1)
Symmetric about the y-axis.

lim =0= lim .soy=0isa
X0 XZ +1 X—»—0 +1
horizontal asymptote.
—2x
y=—"
(xz +l]
CVix=0

Increasing on (—=, 0); decreasing on (0, 29):
relative maximum at (0, 1)

(+*+1)

g . ‘ 1
Possible inflection points at ¥=1*— . Concave

J3

Iy _l \J i 1 ™y
upon | -, —— | and | —, 0 | : concave
|-\ 3) |-\ N
1 17, . .
down on | —F=—= ‘ : inflection points at
SIRVERRNED
AY
{i; 3
3 4)

11
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¥ 41

X
Intercept: (-1, 0)
Vertical asymptote is x = 0. Because the degree
of the numerator is greater than the degree of the
denominator, no horizontal asymptote exists.

Since y= YZ + X_l ,

J;’ =2x— X_E = zly_l = E .

S
1
CV: x= i/; , but x = 0 must be included in inc.-

dec. analysis. Decreasing on (-2, 0) and

‘ 0, EJI ‘ : increasing on ‘ i/z o0 ‘:1‘elative
| 2 ) Ve

| \ﬁ | 3§ﬁ I

V2" V4

. ) 2(x+1)
.]'"”:2“1‘2;1’_ :2+F:7. Y3

Possible inflection point when x = -1, but x =0
must be included in concavity analysis. Concave
up on (-2, —1) and (0, «0); concave down on

(=1, 0): inflection point at (-1, 0).

v

mininmum at

4

s

3x
(x—2)*

Intercept (0, 0)
Vertical asymptote at x = 2

lim _ s = lim E: lim E: 0 and
A—=w YZ —4x+4 x—=w x—w X
lim _ =0, so y=0is the only
x> ¥ _4x+4
horizontal asymptote.
‘ =3(x+2)
(x-2)°

CWV: x=-2, but x = 2 must be included in the
inc.-dec. analysis. Decreasing on (—=0, —2) and
(2, =0): increasing on (-2, 2): relative maximum
30
at | -2, —— |
L 8)
o= 6(x+4)
(x-2)*
Possible inflection point when x = —4, but x =2

must be included in the concavity analysis.
Concave down on (—=2, —4): concave up on

(=4. 2) and (2, =): inflection point at || . 7% i

12
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34
y= 3
No intercepts
Symumetric about the origin.

3xt +1 1
d =3x+— so

X X

Vertical asymptote is x = 0.

v = 3x is an oblique asymptote.

Since y=3x+ X3 ,

\ 3 3(.r2 +1) (x+1) (x-1)
V=3-3x"=3-—= —

X X
CV: =1, but x = 0 must be considered in the inc.-
dec. analysis. Increasing on (—==, —1) and (1, =2):
decreasing on (-1, 0) and (0, 1); relative
maxinmum at (-1, —4): relative minimum at
(1,4).
= 12
I o
No possible inflection point, but x = 0 must be
included in the concavity analysis. Concave

down on (—=, 0); concave up on (0, =0).

48.

13



