METU Mathematics Department - Fall 2020
MATH 349 - Introduction to Mathematical Analysis
Exercise Problems - List A

(1) For any real number A € R choose a positive real number
ay > 0. Show that the subset A below is unbounded:

A={ay, +---+ay | keN, A\j,--- A\ € R are all distinct.} .

What if the indices A were from integers but not from reals?

(2) Let f: R — R be an increasing function. Show that the set of
points, at which f is discontinuous, is at most countable. (Hint:
Use the above problem!)

(3) Note that the interval [0,1] with addition modulo one is an
abelian group.
a. Let H be a proper subgroup of [0, 1], which is closed as a
subset of [0,1]. Show that H is finite.
b. Show that the subgroup generated by +/2 in [0,1] is
dense. Conclude that {m +nv/2 | m,n € Z} is dense in R.

(4) (W. Rudin, Principles of Math. Analy. page 22, Problem 6)
Fix any real number b > 1. For any rational number r = p/q,
p,q € Z, define b" as b" = (bP)'/9, the gth positive root of .

a. Prove that for rational numbers 7y, ry, 01772 =™ 2,

Now for any positive real number z let B(x) = {b" | r €
Q, x > r}. Finally define b* as sup B(z).

b. Show that for any rational number r = p/q the two
definitions of b" agrees. In other words, show sup B(r) =
(bP) M.

c. Prove that for real numbers zq, o, 0%17%2 = p*1 p*2,

(5) Consider the sequence f, : [0,1] — R, f,(x) = 2™ in the
complete metric space of bounded functions equipped with the
supremum metric, B([0,1],] - ||sup)- Is it a Cauchy sequence?
Show that the same sequence is convergent in B([0, 1/2], ||-||sup)

(6) Let (f,) € C(X)N B(X) be a convergent sequence, where
C(X)N B(X) is the metric space of real valued bounded and
continuous functions on metric space (X,d). Let (z,) be



convergent sequence in (X, d). Show that f,(x,) is convergent

(7) Show that a metric space (X,d) is compact if and only if any
continuous real valued function on X has a maximum.

(8) A continuous map f : (X,d;) — (Y,d2) is called proper if
the inverse image of any compact set under f is also compact.
Show that a proper map is a closed map; i.e., the image of any
closed set in X is closed in Y.

(9) Show that any nonconstant polynomial map on R or C is
proper.

(10) Let f, g € C[z] be two non constant monic polynomials.
Consider the homotopy function

F:0,1]xC—=C, (t,z) > (1—1t) f(2) +tg(2) .
Show that F is proper if and only if deg(f) = deg(g).

In case of real polynomials the following holds: For monic
real polynomials f, g € R[z] the homotopy function

F:[0,1] xR =R, (t,z)— (1—1t) f(x)+t g(z)
is proper if and only if deg(f) = deg(g) (mod 2).

(11) Show that any bijection f:[0,1) — (0,1) has infinitely many
discontinuity. Find such a bijection!

(12) Let (f.) be a sequence of Riemann integrable functions in
B(la,b]) converging to some f € B([a,b]). Show that f is
also Riemann integrable and

b b
/ f(z) dz = lim Jn(z) d.

n—o0 a

(13) Let f, : [0,1] = R be a sequence of function defined by

1
n(l —nz) , if 0<z<-—,
fa(z) = K

0, if =0 or <z <l

S|
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a. Determine the function f : [0,1] — R, to which (f,)

converge pointwisely.
1

b. Compute the integral/ fulz) dx.
0
c. Does (f,) converge uniformly to f on [0,1]? Explain your
answer.

(14) Show that the subset A = {(cosn,sinn) | n € Z} is dense
in the unit circle S' = {(z,y) € R? | 2 +y* = 1}. (Hint:
Regarding the points of the plane as complex number note that
the map

f(n) =e™ =cosn + isinn

is a group homomorphism from (Z,+) to (C*,-)).

(15) Prove that there is a unique bounded continuous real valued
function f:[0,00) — R such that

f =1+ s f d
(s) /0 e (st) dt
for all s € [0, 00).

(16) Let (f,) be a bounded sequence in C[0,1] and

gul2) = / ") dt

prove that there is a subsequence of (g,) which converges to
a continuous function uniformly.

(17) Let X be a complete metric space. If
X =U7",X,
prove that for some m, the closure X,, has non empty interior.

(18) If X is a complete metric space which has no isolated point
prove that X is uncountable.

(19) Show that the set of irrational numbers is not a union of count-
ably many closed subsets of R.

(20) Show that any connected metric space containing at least two
points is uncountable.



(21) Show that any open subset of reals is a countable disjoint union
open intervals.

(22) For any nonempty subsets A and B of real numbers define
A+B={a+blac A, be B}.

Show that A+ B is compact if both A and B are both compact.
Also show that A+ B is closed if A is compact and B is closed.

(23) If X \ OA is connected, prove that either IntA or ExtA is
empty. Use this to show that {(z,y) € R? | 22 +y? # 1} is not
connected.

(24) Construct a sequence of rational numbers (a,) so that for any
real number z there is a subsequence (a,) with limay, = .

(25) Prove that a precompact metric space is separable, i.e., has
a countable dense subset. Are all separable metric spaces pre-
compact?



List B

(1) a) Show that any continuous function f:R — Z is constant.

b) Show that the function f : Q* — Z, f(z) = [#/V2]
(greatest integer part) is continuous and onto.

c) Show that any uniformly continuous function f:Q — 7Z
is constant.

(2) a) Show that the function d:R x R — R defined by

d(z,y) = |o(x) —a(y)l,

where o(z) = x if x < 0 and o(z) = 11 if > 0, defines a
x
metric.

b) Show that the subset [a,00) is bounded for any a, while
as (—oo, 00) is not bounded.
c¢) Determine the balls B(—3, 1), B(1,1/2), B(1,2) and B(2, 2).

(3) Prove that for any two subsets of real numbers A and B,
which are bounded from above the subset A U B is bounded
from above and sup(A U B) = max{sup(A),sup(B)}.

(4) Show that for any two subsets A and B of real numbers
(AUB)Y = AUB and (ANnB) C AAnB. Find A and
B so that (AN B) # A'nB’. (Here, A’ denotes the set of
accumulation points of A, the derived set of A.)

(5) a. If a, <b, <c¢, besequences so that lima, =r = limc,,
for some r € R. Show that limb, = r.
b. If lima, =r, a, > 0, for all n, then show that r > 0
and lim\/a, = /r.
c. If lima, = r, then show that limb, = r, where b, =
a +- - +an
- )

(6) Show that any function f : Z — R is continuous and every
continuous functions f : R — Z is constant, where both spaces
have the absolute value metric.



(7) Either prove or give counter examples for the following state-
ments: Let (X,d) be a metric space. Then, for any subsets

A, B of X we have,

a. Int(A)UInt(B) C Int(AU B);
b. Int(A)NInt(B) = Int(AN B);
c. AUB=AUB;

d. ANBC ANB;

e. Int(A) = A;

f. Int(A) = Int(A).
(8) Prove that for any two subsets of real numbers A and B,
which are bounded from below the subset
A+B={a+b|ac A be B}
is bounded from below and inf(A + B) = inf(A) + inf(B).
(9) Let f: X — Y be a function from the set X to the set Y.

For any subset B C Y define the inverse image of B under
f as fY(B)={r e X | f(x) € B}. Prove the following

statements:
For any family of substes {Aq}aca in X,

a)  f(Uaerda) = Ugenf(Aa);

b) f(Naeada) € Naeaf(As). Also find a counter example

for
f(ﬂOéGAAa) = maeAf<Aa) .

On the other hand, for any family of subsets { B, }aen of Y,
c) f7 (UaeaBa) = Uaenf ™ (Ba);
d) 7' (NaeaBa) = Naeaf™ (Ba)-

(10) Prove that a function f : X — Y is continuous if and only if

f(A) C f(A).
Let f : R — R be defined by f(x) = 0, for all z < 0 and

f(x) =1 for all z > 0. Find a subset A so that f(A) € f(A).
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(11) Prove that for any two nonempty subsets of positive real num-
bers A and B with inf(A) # 0, inf(B) # 0 prove that
inf(A - B) = inf(A) - inf(B), where

A-B={ab|ac A, be B}.

(12) Let P be the set of irrational numbers in the interval [0, 1].
Compute P’, the set of accumulation points of P.

(13) Let S be a subset of real numbers. An element x € S is
called an isolated point of S if there is a positive real number
e >0 sothat (z—e€,x+4+€)NS is finite. Prove that if = is an
isolated point of S then z is an accumulation point of R\ S.

(14) Let f:[0,1] — [0,1] be a function so that f(A) is closed,
whenever A C [0,1] is closed. Set A; = [0,1] and A, =

f(A,), for n > 1. Show that () A, is a nonempty closed set.

n=1

(15) Let (a,) and (b,) be bounded sequences of real numbers.
Show that liminf(a, + b,) > liminf(a,) + liminf(b,).

(16) Let (a,) be a sequence of real numbers so that limna, = L.
Show that lim a,, = 0.

(17) Let f : R — R be defined by f(z) = 0, for all z < 0 and
f(z) =1 for all x > 0. Clearly, f € B(R). Show that the ball
B(f,1/3) contains no continuous function. Find a continuous
function in the ball B(f,2/3).

(18) Consider the sequence defined by a; = 1 and a, 11 = v/6 + a,,
for all n > 1. Show that lima,, = 3.

(19) Show that any continuous bijection f : R — R is a homeomor-
phism.

(20) Determine the interior, the exterior, the boundary and the
closure of the following subsets:
a. Z C R,
b. Z C Q,
c. Q CR,
d. ZxQCRXxR,



e. ZxQCRxQ,

f. {(z,y) | 2,y €R,  <y’} in R?

g. Y C X, where X is any set equipped with the discrete
metric and Y is any subset.

h. {f € C(R)n B[R) | f(0) = 1} ¢ B(R), where B(R)
and C'(R) denotes the set of bounded and continuous functions
on the real line, respectively and B(R) is endowed with the
supremum metric.

(21) Let f: (R,|.]) = (R,].|) be defined by f(z) = 5x. Show that
f is a homeomorphism but not an isometry.

(22) Let f: R — R be defined by f(z) = 2o — 1. Show that f is
uniformly continuous on R.

(23) Show that Z is not compact.

(24) Determine whether the following sets of R? are complete and
compact. Explain.
(1) {(z,y):1 <2 +y* <4},
(ii) {(z,y): 1<y <3},
(iii) {(z,y): 2z +y =1},
(iv) {(z,y):0<z<1,y=0},
(v) {(z,y):0<2x <1, y=¢€"}.

(25) Let (X, d) be a compact connected metric space and f : X — R
be a continuous function. Prove that f(X) is a finite closed
interval.

(26) Let (X,d) be a metric space and t € X. Let f : X — R be
defined by f(z) = d(z,t). Show that f is uniformly continuous
on X.

(27) Let (X, d) be a metric space. Show that if (z,,), (y,) are Cauchy
sequence of X, then (d(z,,y,)) converges in R.

(28) A metric space which has a countable dense subset is called
separable. Prove that the cartesian product of two separable
metric spaces is also separable.
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(29) Let (X,d) be a bounded metric space and d' be the metric on

X defined by d'(z,y) = 1-611—5;(5)3/)’ for all z,y € X. Show that

these two metrics are equivalent.

(30) a) Prove that the complement of IntE is the closure of the
complement of F.

b) Do E and E always have the same interiors?
c) Do E and IntE always have the same closures?

(31) In each case below give an example of a bounded set A in R.
(i) sup(A) € 4,
(ii) sup(A) ¢ A,
(iii) sup(A) is an accumulation point of A,
(iv) sup(A) is not an accumulation point A.

(32) Let (a,) be a bounded sequence. Show that limsup(—a,) =
—liminf(a,).

(33) Evaluate, wherever possible, the limit of the following sequence:
(1) (=),
(ii) (sin(m/n)),
(iif) (),

(iv) &L

n

(34) Let A be a precompact subset of a complete metric space X
and f: X — Y a continuous map. Show that its restriction to
A, f: A=Y, is uniformly continuous.

(35) Let E, be sequence of nonempty closed subsets of a compact
metric space so that E,.; C E,, for each n. Prove that

ﬁZO:IE'TL 7é @

This list contains several questions from the course textbook
entitled An Introduction to Real Analysis by Tosun Terzioglu.



