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Jordan KdV Systems and Painlev  Property 

Ay~e (Kalkanh) K a r a s u  1 

Received August 18, 1996 

The Painlev6 property of Jordan KdV systems in two dimensions is studied. It 
is shown that a subclass of these equations on a nonassociative algebra possesses 
the Painlev6 property. 

1. INTRODUCTION 

Svinolupov (1991) introduced many-field Korteweg-de Vries (KdV) 
equations 

U~ = i ..1_ i j k U.r.xx �9 �9 �9 a)ku Ux, i = 1, N (1.1) 

where u i depend on variables x and t, and a~k is a set of constants symmetric 
with respect to the subscripts. He showed that there is a one-to-one correspon- 
dence between such equations and Jordan algebras. Specifically, Jordan KdV 
systems have an infinite algebra of generalized symmetries, an infinite series 
of local conservation laws, and a recursion operator. The systems correspond- 
ing to simple Jordan algebras are called irreducible. In two dimensions all 
the systems related to two-dimensional Jordan algebras contain a scalar KdV 
equation and a linear equation which are not really coupled (Svinolupov, 
1991, 1994). 

In this work we consider the system (1.1) for N = 2. We apply the 
Painlev6 test for partial differential equations introduced by Weiss et  al. 

(1983) to the system of coupled KdV equations without a pr io r i  assumptions 
about the algebraic nature of the system. We find the sets of constants ~k 
for which the system (1.1) possesses the Painlev6 property. A subclass of 
these equations on a nonassociative algebra has the Painlev6 property. By 
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using the truncated expansions of  the solutions we also obtain the auto- 
Biicklund transformations for these equations. 

2. SYMMETRY APPROACH 

The recursion operator for the scalar Korteweg-de Vries equation ( N  
= 1) is given in Olver (1993) as 

L = D 2 + 2U + ~uxD -1 (2.1) 

where D - dldx. An analogous operator also exists for Jordan systems. In 
Svinolupov (1991) it is stated as a theorem that any Jordan system (1.1) is 
integrable and possesses a formal recursion operator: 

L = D 2 + -~a(i)u i + ~uiD-ta(i)  

+ luJD-lukD- l[a~ka(n) -- a(k)a(j)] (2.2) 

where the matrices a(j) are determined by the formula (a(j))ik = a~k and the 
constants ajk are the structure constants of a Jordan algebra satisfying the 
identities 

n i r i r n i �9 i �9 
- -  amrans ) + a)rans) a)k(anra,,~ akm(anra)s 

_~_ n i r i r 
- -  agrans) (2.3) amj (anra t s  ---- 0 

We consider a system of  two nonlinear equations of the form 

U t = Uxx x "+" ClUlA x q" C2(UV x + VUx) + C3VV x 

v, = Vx~x + dtuu~ + d2(uvx + vu~) + d3vvx (2.4) 

where 

ct = all, dl = a~l, u = u 1 

C2 = a l l  = a]z, dz = a~2 = a21, v = u 2 (2.5) 

c3 = alz, a3 = a22z, 

The recursion operator (2.2) for this problem can be expressed as a 2 • 2 
matrix whose components are 

( L ) I 1  = D 2 + 2(ClU + c2 v)  + ~(UxD-lcl + v x D - I c 2 )  

- ~(uD-I)(vD-l)Ft - t ( v D -  1)2F 2 (2.6) 

( L ) I  2 = 2 ( c 2 u  + c3v ) + t ( u x D - l c  2 + v x D - t c 3 )  

+ ~(uD-l)2F1 + -~(vD-t)(uO-t)F2 (2.7) 
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where 

(L)2! = 2(dlu + d2v) + ~(uxD-ldt + vxD-ld2) 

- ~(uD-1)(vD- l )F 3 + ~(vD- I ) 2 F  1 

(L)22 = 192 + 2(d2u + d3v) + l(uxO-ld2 + vxO-ld3) 

+ -~(uD-l)2F 3 - ~(vD-l)(uD- l)F l 

Fl = C3dl  - c2d2, F 2  = c 2 - ClC3 + c3d2  - c2d3  

F 3  = d i d 3  - d 2 + Cld2 - C2dl  

and the structure constants ci and di satisfy the following identities: 

( C  1 - -  2d2)F! = 0, 

(d3 - 2c2)Fl = 0, 

dl FI = 0, 

C 3 E l = 0, 

(C 1 - -  2d2)F2 = 0, 

(d3 - 2c2)F2 = O, 

d i E  2 = O, 

c3F2 = 0 ,  

(cl - 2d2)F3 = 0 

(d3 - 2c2)F3 = 0 

dl F3 = 0 

c3F3 = 0  

(2.8) 

(2.9) 

(2.10) 

(2.11) 

If F1, F2, F3 vanish, the recursion operator reduces to a form similar to 
(2.1). This case corresponds to an associative algebra in which the system 
(2.4) decouples. 

3. PAINLEVI~ ANALYSIS 

A partial differential equation has the Palnlev6 property when its solu- 
tions are single-valued about the movable singularity manifold. If the singular- 
ity manifold is determined by 

~b(x ~ x I . . . . .  x") = 0 (3.1) 

and u a (a = 1 . . . . .  N)  satisfy a system of  partial differential equations (N- 
equations), then the Painlev6 expansion is given by 

o0 

ua ~-" + eta 2 U~(xO' xi . . . . .  Xn)f~k ( 3 . 2 )  
k=0 

where ~ are analytic functions of (x ~ x 1 . . . . .  x") in a neighborhood of the 
manifold (3.1). The substitution of  (3.2) into the partial differential equations 
under consideration determines the possible values of  ot a and gives the 
recursion relations for ~ .  A set of partial differential equations is said to 
have the Painlev6 property in the sense of  Weiss et al. provided ot a are 
integers, the recursion relation are consistent, and the series expansion (3.2) 
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contains the correct  number  of  arbitrary functions. Applying  the Painlev6 
analysis to equations (2.4), we obtain the following: 

(i) L e a d i n g  order  analysis.  Substituting u = Uo+ ~q and v = vo+ ~2 into 
the leading terms o f  (2.4), we  have <x I -- or2 = - 2  and the equations for Uo 
and v0, 

ClU~ + 2C2UoVo + C3V2o + 12U0+ 2 = 0 (3.3) 

dlu  2 + 2d2uov0 + d3v 2 + 12Vo+ 2 = 0 (3.4) 

(ii) Resonances .  Substituting 

U ~--" UO+ -2 -1- 131+r-2, V m. I/0+ -2 --1- 132+r-2 (3.5) 

into the leading terms of  equations (2.4) and requiring that 13t and 13 2 be  
arbitrary, we have  

{+4(r - 2)2(r - 3) 2 + +2(r - 2)(r  - 3)[uo(d2 + cO + vo(d3 + c2)] 

+ [(UoC~ + VoCg(uod2 + vod3) - (UoC2 + VoC3)(uod~ + vodg]} 

• ( r  - 4) 2 = 0 (3.6) 

The roots o f  this equat ion determine the resonances,  r = 4 is a double root  
which satisfies the equat ion identically. We must  a lways  have the root r = 
-1,  since it represents  the arbitrariness of  the singularity manifold +(x, t) 
= 0. This is possible  if  

144+ 4 + 12+2[uocl + v0(d3 + 2c2)] 

+ vo[uo(d3cl -- dlc3) + 2vo(d3c2 - d2c3)] = 0 (3.7) 

I f  this equation is satisfied, we have another  root, r = 6. Using equations 
(3.3), (3.4), and (3.7), we find that equation (3.6) becomes  

12+x4(r 2 -- 5 r  + 6) + 12+2(u0d2 - VoC2) 

+ V o [ u o ( d l C  3 - d3cl)  + 2vo(d2c 3 - d3c2)] = 0 (3.8) 

The roots o f  this equat ion are 

15+x 2 -- x/-- 1562 + x / -  
rl - 662 , r2 - 6+  2 (3.9) 

rt and 1"2 must  be  integers, say n~ and n2; then we have  the fol lowing values 
of  resonances: 

r =  - 1 , 4 , 4 , 6 ,  nl, nz where  nl + n 2 =  5 (3.10) 

Now let us examine  the different cases for  nb  n2. 
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Case 1. Let nt = 0, n2 = 5; then f rom equation (3.8) we  have 

72dp 4 + 12~b~2(uod2 - VoC2) + Vo[uo(dlC3 - d3cl) 4- 2vo(d2c 3 (3.11) 
--  d3c2)l = 0 

Equations (3.3), (3.4), (3.7), and (3.11) must  be solved for  Uo and Vo. Since 
one of  the roots is zero, the function Uo or Vo must  be arbitrary. I f  Uo is 
arbitrary, the equations under consideration imply  Vo = ct~b 2 + 13, where  ct 
and 13 are constants.  Requiring that the equations for Uo and Vo be satisfied, 
we have  the fol lowing solution: 

ot = --  12/d3, 13 = - u o d 2 / c  2 

d 1 = 0,  d2 = cl/2, d3 = 2c2, c 3 = 0 

1 (_12~b 2 _ UoCO (3.12) Uo is arbitrary, Vo -- ~c2 

(iiia) Arbitrary functions. To discuss the arbitrariness o f  the functions 
corresponding to resonance values - 1 ,  0, 4, 4, 5, 6, we have to substitute 

6 6 
U = ~ Uj4) j-2, V = ~ Vj4) j-2 

j=o j=o 

into equations (2.4) and obtain the recursion relations for  uj and vj. Solving 
these relations, we have  

j = 0 Uo = arbitrary; Vo = -(12~b 2 + cluo)12c2 (3.13) 

j = 1 Vl = [d~(12~b 2 - UoCl) + ~bxUo~Cl]/2~b2c2 

Ul = (d~Uo - d~xUox)l~ 2 (3.14) 

j = 2 v2 = [8d~,.~bx(-6d~ 2 + UoCO + d~2(36~b~ 2 - 21UoC0 

+ 18~bxxd~xUoxCl + 6d~z(2~bxd~t - UoxxCl) + t~xdptUoCl]/24~4C2 

u2 = [-8d~x~bxUo + ~b=(21~b~_dto - 18~bxUox) 

+ ~bx(6~b~o~- ~btUo)]/12~b 4 (3.15) 

[3~bxtd~2(-4~b~ 2 + UoCO + 3d~.~b2(4~b 2 - UoCO 

+ 4 d ~ + ~ b x ( - 1 2 ~ b x  2 + 7UoCO - lOd~x~+x2UoxCl 

+ ~b=(36d~d~ 2 - 39+2Uo c, + 33~bxx+xUo~C, 

+ 12~bx3~bt- 12~b2UoxxCl- +xd~tuoel) 

+ ~ ( 2 ~ x U o ~  - 2~UotC~ + +,Uo~C01/24+6c2 

j = 3  va = 
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u3 = [-3dpx,dp2Uo + 3 d ~ b 2 U o  + ~b~,dpx(-28dp=Uo + lOdpxuo~) 

+ dp=(39~b2Uo - 33+x~+xUo~ + 12dp2Uo= + dp,fip,Uo) 

+ dp~(-2dpxUoxx~ + 2d~xUo, - d~tuo.)]ll2d~ (3.16) 

j = 4 the compatibility conditions are satisfied identically, 

which means u4 and v4 are arbitrary functions 

j = 5 v5 = arbitrary 

u5 = [-Vs~bx(12dpx 2 + Uocxd?x + 4VOC2) - V4x(12dpx z + UoCl + 4VOC2) 

- v4(12+x~d~x + ulcld~x + 4vlc2d~x + UoxCl + 4voec2) 

- -  V o C l U 4 x  - -  U 4 ( ( ~ x V l C  1 "1- VOxCl) - -  6dpxV3xxx 

-- V3x(6~bxr.x + U l C I  q"  4VLC2) -- v3(2~bxx.x + 2~xv2c2 

+ d~xu2Cl - 2dpt + Ul,Cl + 4VlxC2) -- U3xVlCl 

- -  U3(C~xV2C 1 + VlxCl)  

- 2 v z ~  - V2x(U2C 1 ..-I.- 4v2c2) + 2V2, - V2ClU2x]/~bxVoC 1 (3.17) 

j = 6 u6 = arbitrary, 

v6 = [-2dpxVoClU6 - Vsx(Uoel + 4roe2 + 36dp 2) 

- vs(36d~=dp,, + 2d~xUlCl + 8dpxvlc2 + uo~l + 4VoeC2) 

-- UsxVoCl -- us(2d~xVlCl + VoxCD -- 12d~v4~ 

- -  V4x(12dPxx + UlC 1 + 4vlc2) 

- v4(4~bx.~ + 2~b~2ct + 8~b.v2c2 - 4dp, + Ul~l + 4VlxC2) 

- -  U 4 x I ) l C l  - -  U4(VlxCl  71- 2dpxV2Cl) - 2V3xxx 

- -  V3x(U2Cl + 4V2C2)  + 2v3t - U3xV2Cl - U E ~ V 3 C l  

- V2x(U3c I -]- 4 v 3 c 2 )  - 2 t ~ x V 3 ( U 3 C  1 

+ 2v3c2)]/[2+~(24d~ 2 + UoCl + 4v0c2)] (3.18) 

Since ~b, u0, u4, v4, vs, u6 are arbitrary functions corresponding to the reso- 
nances ( - l ,  0, 4, 4, 5, 6), the system of  equations (2.4) with c3 = dl -- 0, 
d3 = 2c2, d2 = c112 passes the Painlev6 test. It is easy to check that the 
Jordan algebra is nonassociative with these values o f  ci and di. In Weiss 
(1983, 1986) it was shown that the B~icklund transformations can be obtained 
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by truncating the expansions (3.2) at constant level terms, that is, uj = 0 if  
j ----- 3, vj = 0 i f j  -> 3. This is possible  if  

U2t = U2xxx + ClU2U2.x + C2(U2V2x "~ V2U2x ) 

Cl 
v2t = V2xx~ + ~ (u2V2x + v2uz~) + 2c2v2vz~ (3.19) 

Equations (3 .13)-(3 .15)  and (3.19) will be consistent i f  

3,L 
dpt = ~bx~x - - -  + h~bx, h = const  (3.20) 2 ,x 

which can be formulated in terms of  the Schwarzian derivat ive 

- -  - {~b; x }  = h ( 3 . 2 1 )  6x 

and the function Uo must  be a solution of  the linear equation 

2~bx3U0t - 2qbx3uox~ + 12d~=~bx2uox~ 

- dpx(1862 + l O b e  2 - 9dpxdPt)Uo~ 

+ 26x~(36~ + 8h6~ - 96x6t)Uo = 0 (3.22) 

Then, 

l(. l u0 
u= u2-  

c2 2-~2+ - (3.23) 

will define the B~icklund t ransformations for  the Jordan K d V  system, which 
generate nontrivial solutions f rom trivial ones. Note that a particular solution 
of  (3.22) is u0 = Cd~x 2, where  C is a constant.  

Case 2. I f  n~ = 1, nz = 4, the test fails, since the number  o f  arbitrary 
functions is less than the number  of  resonances ( -  1, 4, 4, 6, 1, 4). 

Case 3. Let nl = 2, n2 = 3; then f rom equation (3.8) we  have 

12~bx2(uod2 - VoC2) + Vo[uo(dlC3 - d3Cl) + 2vo(d2c3 - d3c2)] = 0 (3.24) 

To solve equations (3.3), (3.4), (3.7), and (3.24) for Uo and Vo, let 

v0 = ot~bx 2 + 13 and u0 = ~ b  2 + ~/ 
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where or, 13, ~, 8 are constants. Substituting these into equations (3.3), (3.4), 
(3.7), and (3.24), we have 

1 3 = 0 ,  

dl = --~2 

d2 = - ~  

1 
C 1 ~ --~-~ 

u0 = 86x 2, 

y = O ,  8~sO 

(2d28et + d3 a2 + 12a) 

(d380t - c280 t - c30t 2) 

(2c280t + c30t 2 -4- 128) 

Vo = Ott~x 2 (3.25) 

where 

. o  = a + ~ ,  v0 = ~ + x  ~ 

ul = - 8 + = ,  vl  = - o r 6 =  

I~ 2 ~--- {U2[t~2(C28Ot + C30t 2 + 128)] 

+ 82[dpx(-4~bxxx + qbt) + 3~b 2 ]  }[[t4bx28(c28 + c3ot)] 

v3 = {u3[~b~(c28ct + c3ct 2 + 128)] + 82[qb2(-2qbxt + ~b~)  

+ +~b=(-4+~= + d~t) + 3~bL] }&b~8(c2~i + c3et) (3.27) 

The expressions for us, vs, and v6 are very extensive, therefore are not 
presented here. The functions u2, u3, u4, v4 are arbitrary, and u6 is also arbitrary 
if (3.26) is valid. But in this case Fl, F2, F3 in (2.11) vanish, where dl, dE, 
Cl are given in (3.25), which implies that we have an associative algebra. 
Thus, in this case the system of equations (2.4) decouples. 

( iiib ) Arbitrary functions. Substituting 

6 6 

. = ~,  . j , J -~ ,  v = E ~J+J-~ 
j=O j=O 

into equations (2.4), we observe that these equations pass the Painlev6 test if 

1 
d3 - g(c28 + c3ot) (~82 + 3c2c38~ + 2c32~ -I- 12c38) (3.26) 
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4. CONCLUSION 

We conclude that the system of equations 

ut = Ux~ + cluux + c2(uvx + vux) 

Cl 
vt = Vxxx q- --~ (UVx d- VUx) d- 2C2Wx 

possesses the Painlev6 property, has B~icklund transformations, and corres- 
ponds to a nonassociative Jordan algebra. However, this system can be writ- 
ten as 

u , =  + 

v, = + -}(uv)x 

where U = clu + 2c2v and V = clu - 2c2v. For a given solution U of the 
KdV equations, V is obtained by solving the linear equation. This result is 
consistent with that given in Svinolupov (1994). 
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