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The connection between Killing tensors and Lax operators are presented. The Toda
lattice case and the Rindler system are analyzed in details.

1 Imtroduction

It is well known that, many of the classical dynamical theories are completely
integrable [1-2]. These are both finite as well as infinite dimensional theories which
describe physical systems of importance. For discrete finite systems, it is known
that the zero Nijenhuis tensor [3] condition can be used to construct conserved
quantities in involution [4]. Let us note that for a given (1, 1) tensor such as S}, we
can define the Nijenhuis torsion tensor as [3]

Ny = =N, = SAanSh — Spaast — SK(0aS5 — 9552). (1)

We can construct the conserved quantities

n

1
K, = < )Trb'", n==l,..., Ko =logj|det5|. (2)

In [4] it was shown that for a theory with a dual Poisson bracket structure, the
sufficient condition for integrability is the vanishing of the Nijenhuis tensor. Another
method to construct integrals of motion, for the finite systems, is to use the Jacobi
geometry and to analyze the existence of Killing tensor in the case of geodesic
motion. The geodesic equations are
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If each integral of the equation (3) satisfies the condition

dz™ da™m

T ds ds

the equations (3) are said to admit a first integral of the m-th order. Without loss
of generality we can consider the tensor &,,...r, as a symmetric tensor and it is easy
to show that it satisfies the following equation

k(ryooraira) = 0, (5)

where the parenthesis denotes the full symmetrization [5]. The equation (5) is the
definition of the Killing tensor of order m. Killing tensors are indispensable tools
in the guest for exact solutions in many branches of general relativity as well as
classical mechanics [6-8]. Killing tensors are important for solving the equations
of motion in particular space-times. The notable example here is the Kerr metric
which admits a second rank Killing tensor [7]. In order to describe the first integral
of motion of order m in the case of geodesic motion we can analyze the existence
of Killing-Yano tensors [6]. A Killing-Yano tensor of order m is an antisymmetric
tensor fy,...., which satisfies the following equations

Surweipy + Funcnrim =0 (6)

If a Killing-Yano tensor exists then using (6) we can construct immediately a Killing
tensor, of order two [7]. It was a big success of Gibbons et all. (8] to have been able
to show that the Killing-Yano tensor, which had long been known as a rather
mysterious structure, can be understood as an object generating “a non-generic”
supersymmetry, i.e a supersymmetry appearing only in specific space-times [8, 9].
Another method to obtaining a Killing tensor on a given manifold g, is to investi-
gate the existence of the Lax tensors L, and A%, [10]. In some specific cases, the
Lax tensors L", are Killing-Yano tensors of order three [10].

The main aim of this paper is to analyze the connection between Killing tensors
and Lax tensors. We investigate the Lax tensors for the three dimensional open
Toda’s lattice and the Rindler system.

k = const., (4)

r

2 Lax pair tensors
Let us consider a Riemannian or pseudo-Riemannian geometry with the metric
ds* = g, dgtdg”. (7)
The geodesic equation can be represented by the Hamiltonian
H=5¢"pup, (8)

together with the natural Poisson bracket on the cotangent bundle. The geodesic
system has the form

= ga“p;t» Pa = F#"P;zpu . (9)
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The complete integrability of this system can be shown with the help of a pair of
matrices L and A with entries defined on the phase space and satisfying the Lax
pair equation [11] '

L={L,H}=[L,A]. (10)

It follows from (10) that the quantities I = (1/k) Tr L¥ are all constants of motion.
If in addition they commute with each other {Ii,I;} = 0 then it is possible to
integrate the system completely at least in principle. We know that the Lax pair
equation is invariant under a transformation of the form

L=ULU- Y A=UVAU"' - UUL. (11)

We see that L transforms as a tensor while A transforms as a connection. Typically,
the Lax matrices are linear in the momenta and in the geometric setting they may
also be assumed to be homogeneous. This motivates the introduction of two third
rank geometrical objects L§” and A§” such that the Lax matrices can be written
as

L=(Lg) = (L5"pu), A= (A5)=(45"py). (12)

We will refer to L and Ag” as the Lax tensor and the Lax connection, respectively.
Defining

B=(B§)=(Bi¥py)=A-T, (13)
where I' = (I'§") = (I'§¥py,) is the Levi-Civita connection with respect to gag, it
then follows that the Lax pair equation takes the covariant form

— [#l s}

Laevisy = Ly Bosy — BuicrLgsy: (14)
where L. and Bj, are tensorial objects. Let us suppose that a manifold g,, admits
Lax pair tensors Lygy, Aapy in such a way that

Loapyis + Lapsiy = 0. (15)

The symmetric part of Lagy is a Killing tensor of rank three because L(4p4;5) = 0.
Here the parentheses represent the full symmetrization. Any Killing tensor Lgo-s
with covariant derivative zero is a Lax tensor of order three because (15) is satis-
fies. Lopy generates an infinite number of Killing tensors on a given manifold. Of
course not all Killing tensors generated by Lax tensors are independent and some
of them are trivial Killing tensors. Another important observation is that in the
case when we have gog = L}, L}; we can identify the invariant I> with the geodesic
Hamiltonian. A3, plays an important role because it can be related to the torsion
of the manifold.

3 Examples

A. The Hamiltonian corresponding to the three-particle open Toda lattice has
the form [12]
1 2 2 3
H =5 (o} +p3+p3) +e*0 79 42000, (16)
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The standard symmetric Lax representation is

7 oa 0 0 ] 0
L= ay p2 az i, A= —ai 0 as 1, (17)
0 a2 p3 0 —az 0
where - s s
ap =0 =9) gy =eld=0), (18)

The Hamiltonian (16) admits the linear invariant Iy = TrL = p; + p3 + pa. The
Lax representation also gives rise to the two invariants I = %Tr L? = H and
I3 = }Tr L3, Because L and A from (17) are not yet linear and homogeneous in
the momenta we will perform a canonical transformation

it=¢" +Inp;, @*=¢% P =¢*—Inps, p1 = p1, p2 = p2, b3 = ps. (19)

The resulting Lax pair matrices are [10]

ppn app 0 0 a1py 0
L=[ap p2 aps), A=|-aip 0 azps |, (20)
0 axps ps 0 —azps 0
where L s s
a = et —¢ ), ag = el ~9), (21)
The Hamiltonian is now purely kinetic
H = L[(1+2a})p? +p] + (1 + 2a)p]). (22)
Using (22) we identify the metric
ds? = g11(dg")? + (dg?)? + gaa(dg®)?, (23)
where
g11=(1+2a3)"", gas=(1+2a3)"" (24)

The non-zero Levi-Civita connection coefficients, I i of this metric are

I}y = =2aig11, I'ly = 2alg11, T'y = —2a3(911)?, 'k = 2a3(g3s)?,

25
I =

1) 2 3 pe——
—2a35933, I35 = 2“%93&

After a similarity transformation we found that final forms of the Lax matrices are

X gupr  @pi/r 0
L= | a1y/J1im P2 azp3+/933 |, (26)
0 asp3+ /933 g33p3
X i+ TEpr  a/gmim 0
A= | —-a/gp 0 a2,/933p3 (27)
0 —asV33ps  T'dypz + I'yps
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Note that the upper triangular part of L and A coincide. This property is peculiar
to open Toda lattice. The corresponding connection matrix I is given by

) rlypy + Thpe  2aigup 0
I'= —2a}gnp 0 2a3933p3 . (28)
0 —2a3gasps ['khps + T'isps

We observe that the off-diagonal part of the matrix I' is antisymmetric like that
of A and furthermore that their off-diagonal components are related by the simple
relation I'y; = 2(L}5)? for a < B. Using the relation A = I' + B, we can find after

some calculations that B’gy = —Bfr"ﬂ [10).
B. The Rindler system [13] is conventionally denoted by 7 and r:
t=rsinhr, e =rcos7, 0 < r <00, —o0<7< 00, (29)
with coordinates curves {timelike hyperbolas and spacelike straight lines) given by
5 t
22 —t? = 2, = tanh T, (30)
the metric

ds? = r2dr? — dr?, (31)

and the associated Killing tensor

(o
. l-= 0
k-"“:( r2 ) (32)
0 c

Here ¢ is a constant. The non-zero Christoffel symbols are '}y = r, I'ly = 1/r.
We have four independent symmetric components of Lo, and eight independent
equations:

Lyy;m=0, Lunr+Lust=0, Luyt+ Lingr =0,
Lig;r =0, Lyggsm+Listsr =0, Ly 7+ Lygy;r = 0, (33)
Liaa;r =0,  Lasgs T+ Lagy;r = 0.

Here semicolon denotes the covariant derivative. We found that a solution of (33)
has the following form:

Liao ((.;'16_T + (:’2637)7‘, L112 ((x‘le_f + (72&3")7'2,

Lyt = —=(3C1e™7 — (12637)13,  Lygg = —3C1e™7 4 (19e37,

I
]

(34)

where (', (Cy are constants.
1
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4 Conclusions

In this paper the connection between Killing tensors and Lax tensors was in-
vestigated. We found that a covariant constant third rank Killing tensor is a Lax
tensor. The solution of Lax tensors for three dimensional open Toda lattice was
presented. Solving (33) we found, for the Rindler system, a nontrivial solution for
Lax tensors. It would be an interesting problem to analyze the solution of the Lax
tensors equation in the presence of torsion and it will be given in a separate paper.
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